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Abstract 

We pursue robust approach to pricing and hedging in mathematical finance. We consider 
a continuous time setting in which some underlying assets and options, with continuous paths, 
are available for dynamic trading and a further set of European options, possibly with varying 
maturities, is available for static trading. Motivated by the notion of prediction set in Mykland 
we include in our setup modelling beliefs by allowing to specify a set of paths to be 
considered, e.g. super-replication of a contingent claim is required only for paths falling in the 
given set. Our framework thus interpolates between model-independent and model-specific 
settings and allows to quantify the impact of making assumptions or gaining information. 
We obtain a general pricing-hedging duality result: the infimum over superhedging prices is 
equal to supremum over calibrated martingale measures. In presence of non-trivial beliefs, the 
equality is between limiting values of perturbed problems. In particular, our results include 
the martingale optimal transport duality of Dolinsky and Soner [2ll| and extend it to multiple 
dimensions and multiple maturities. 


1 Introduction 


Two approaches to pricing and hedging. The question of pricing and hedging of a contingent 
claim lies at the heart of mathematical finance. Following Merton’s seminal contribution [3^, 
we may distinguish two ways of approaching it. First, one may want to make statements “based 
on assumption sufficiently weak to gain universal support^,” e.g. market efficiency combined with 
some broad mathematical idealisation of the market setting. We will refer to this perspective as the 
model-independent approach. While very appealing at first, it has been traditionally criticised for 
producing outputs which are too imprecise to be of practical relevance. This is contrasted with the 
second, model-specific approach which focuses on obtaining explicit statements leading to unique 
prices and hedging strategies. “To do so, more structure must be added to the problem through 
additional assumptions at the expense of loosing some agreement” Typically this is done by 
fixing a filtered probability space (n,X, (Xt)t> 0 jP) with risky assets represented by some adapted 
process (St). 
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The model-specific approach, originating from the seminal works of Samuelson (4fll | and Black 
and Scholes [y], has revolutionised the financial industry and became the dominating paradigm 
for researchers in quantitative finance. Accordingly, we refer to it also as the classical approach. 
The original model of Black and Scholes has been extended and generalised, e.g. adding stochastic 
volatility and/or stochastic interest rates, trying to account for market complexity observed in 
practice. Such generalisations often lead to market incompleteness and lack of unique rational 
warrant prices. Nevertheless, no-arbitrage pricing and hedging was fully characterised in body 
of works on the Fundamental Theorem of Asset Pricing (FTAP) culminating in Delbaen and 
Schachermayer [l^. The feasible prices for a contingent claim correspond to expectations of the 
(discounted) payoff under equivalent martingale measures (EMM) and form an interval. The 
bounds of the interval are also given by the super- and sub- hedging prices. Put differently, the 
supremum of expectations of the payoff under EMMs is equal to the infimum of prices of super¬ 
hedging strategies. We refer to this fundamental result as the pricing-hedging duality. 


Short literature revie-w. The ability to obtain unique prices and hedging strategies, which 
is the strength of the model-specific approach, relies on its primary weakness - the necessity to 
postulate a fixed probability measure P giving a full probabilistic description of future market 
dynamics. Put differently, this approach captures risks within a given model but fails to tell 
us anything about the model uncertainty, also called the Knightian uncertainty^ see Knight [s^- 
Accordingly, researchers extended the classical setup to one where many measures {P^ : a G A} 
are simultaneously deemed feasible. This can be seen as weakening assumptions and going back 
from the model-specific towards mo del-independent. The pioneering works considered uncertain 
volatility, see Lyons 311 and Avellaneda et al. 0. More recently, a systematic approach based on 
quasi-sure a naly sis was developed with stochastic integration based on capacity theory in Denis 
and Martini [l^ and on the aggregation method in Soner et al. [d^, see also Neufeld and Nutz (^ . 
In discrete time a corresponding generalisation of the FTAP and the pricing-hedging duality was 
obtained by Bouchard and Nutz [8| and in continuous time by Biagini et al. , see also references 
therein. We also mentions that setups with frictions, e.g. trading constraints, were considered, see 
Bayraktar and Zhou Q. 


In parallel, the model-independent approach has also seen a revived interest. This was mainly 
driven by the observation that with the increasingly rich market reality this “universally accept¬ 
able” setting may actuall y p rovide outputs precise enough to be practically relevant. Indeed, in 
contrast to when Merton [32| was examining this approach, at present typically not only underly¬ 
ing is liquidly traded but so are many European options written on it. Accordingly, these should 
be treated as inputs and hedging instruments, thus reducing the possible universe of no-arbitrage 
scenarios. Breeden and Litzenberger Q were first to observe that if many (all) European options 
for a given maturity trade then this is equivalent to fixing the marginal distribution of the stock 
under any EMM in classical setting. Hobson [2^ in his pioneering work then showed how this 
can be used to compute model-independent prices and hedges of lookback options. Other exotic 
options were analysed in subsequent works, see Brown et al. Cox and Wang [l^, Cox and 
Obloj [1^ . The resulting no-arbitrage price bounds could still be too wide even for market making 
but the associated hedging strategies were shown to perform remarkably well when compared to 
traditional delta-vega hedging, see Obloj and Ulmer [37|. Note that the superhedging property here 
is understood in a pathwise sense and typically the strategies involve buy-and-hold positions in 
options and simple dynamic trading in the underlying. The universality of the setting and relative 
insensitivity of the outputs to (few) assumptions earned the setup the name of robust approach. 


In the wake of financial crisis, significant research focus shifted back to the model-independent 
approach and many natural questions, such as establishing the pricing-hedging duality and a (ro¬ 
bust) version of the FTAP, were pursued. In a one-period setting, the pricing-hedging duality 
was linked to the Karliin-Ishi duality in linear programming by Davis et al. [l^. Beiglbock et al. 
Q re-interpreted the problem as a martingale optimal transport problem and established general 
discrete time pricing-hedging duality as an analogue of the Kantorovich duality in the optimal 
transport: here the primal elements are martingale measures, starting in a given point and having 
fixed marginal distribution(s) via the Breeden and Litzenberger formula. The dual elements are 
sub- or super- hedging strategies and the payoff of the contingent claim is the “cost functional.” 
An analogue result in continuous time, under suitable continuity assumptions, was obtained by 
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Dolinsky and Soner [2l| who also, more recently, considered the discontinuous setting [22|. These 
topics remain an active field of research. Acciaio et al. [l| considered pricing-hedging duality and 
FTAP with an arbitrary market input in discrete time and under significant technical assumptions. 
These were relaxed offering great insights in a recent work of Burzoni et al. ll|. Galichon et al. 251 
applied the methods of stochastic control to deduce the model-independent prices and hedges, see 
also Henry-Labordere et al. 12711. Several authors considered setups with frictions, e.g. transactions 
costs in Dolinsky and Soner [20| or trading constraints in Cox et al. 141 and Fahim and Huang 

il- 

Main contribution. The present work contributes to the literature on robust pricing and hedg¬ 
ing of contingent claims in two ways. First, inspired by Dolinsky and Soner 2l|, we study the 
pricing-hedging duality in continuous time and extend their results to multiple dimensions, dif¬ 
ferent market setups and options with uniformly continuous payoffs. Our results are general and 
obtained in a parsimonious setting. We specify explicitly several important special cases including: 
the setting when finitely many options are traded, some dynamically and some statically, and the 
setting when all European call options for n maturities are traded. The latter gives the martingale 
optimal transport (MOT) duality with n margmal constraints which was also recently studied in 


a discontinuous setup by Dolinsky and Soner [2^ and, in parallel to our work, by Guo et al. |26l |. 


Our second main contribution is to propose a robust approach which subsumes the model-independent 
setting but allows to include assumptions and move gradually towards the model-specific setting. 
In this sense, we strive to provide a setup which connects and interpolates between the two ends 
of spectrum considered by Merton 32|. In contrast, all of the above works on model-independent 
approach stay within Merton 32| ’s “universally accepted” setting and analyse the implications of 
incorporating the ability to trade some options at given market prices for the outputs: prices and 
hedging strategies of other contingent claims. We amend this setup and allow to express modelling 
beliefs. These are articulated in a pathwise manner. More precisely, we allow the modeller to 
deem certain paths impossible and exclude them from then analysis: the superhedging property 
is only required to hold on the remaining set of paths tp. This is reflected in the form of the 
pricing-hedging duality we obtain. 

Our framework was inspired by Mykland ’s idea of incorporating a prediction set of paths into 
pricing and hedging problem. On a philosophical level we start with the “universally acceptable” 
setting and proceed by ruling out more and more scenarios as impossible, see also Cassese |12| . We 
may proceed in this way until we end up with paths supporting a unique martingale measure, e.g. 
a geometric Brownian motion, giving us essentially a model-specific setting. However, the hedging 
arguments are always required to work for all the paths which remain under consideration and 
a (strong) arbitrage would be given be a strategy which makes positive profit for all remaining 
paths, see also the recent work of Burzoni et al. ll|. This should be contrasted with another way 
of interpolating between model-independent and model-specific: one which starts from a given 
model P and proceeds by adding more and more possible scenarios {P^ : a £ A}. This naturally 
leads to probabilistic (quasi-sure) hedging and different notions of no-arbitrage, see Bouchard and 
Nutz 0. 

Our approach to establishing the pricing-hedging duality involves both discretisation, as in Dolinsky 
and Soner 211, as well as a variational approach as in Galichon et al. [l^. We first prove an 
“unconstrained” duality result: Theorem 13.21 states that for any derivative with bounded and 
uniformly continuous payoff function G, the minimal initial set-up cost of a portfolio consisting of 
cash and dynamic trading in the risky assets (some of which could be options themselves) which 
superhedges the payoff G for every non-negative continuous path, is equal to the supremum of the 



This result is shown 
. Subsequently, 


we 


expected value of G over all non-negative continuous martingale measures 
through an elaborate discretisation procedure building on ideas in 
develop a variational formulation which allows us to add statically traded options, or specification 
of prediction set fp, via Lagrange multipliers. In some cases this leads to “constrained” duality 
result, similar to ones obtained in works cited above, with superhedging portfolios allowed to 
trade statically the market options and martingale measures required to reprice these options. In 


^Note that here and throughout, we assume that all assets are discounted or, more generally, are expressed in 
terms of some numeraire. 
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S ticular Theorems 13.101 and 13.141 extend the duality obtained respectively in Davis et al. [l^ and 
. However in general we obtain an asymptotic duality result with the dual and primal problems 
defined through a limiting procedure. The primal value is the limit of superhedging prices on 
e-neighbourhood of fp and the dual value is the limit of supremum of expectation of the payoff 
over e-(miss)calibrated models, see Definitions 12.21 and 13.161 

The paper is organised as follows. Section [2] introduces our robust framework for pricing and 
hedging and defines the primal (pricing) and dual (hedging) problems. Section [3] contains all the 
main results. First, in Section lSTTl we present the unconstrained pricing-hedging duality in Theorem 
O and derive constrained (asymptotic) duality results under suitable compactness assumptions. 
This allows us in particular to treat the case of finitely many traded options. Then in Sections 
13.2113.41 we apply the previous results to the martingale optimal transport case. All the result 
except Theorem l3.2l are proved in Section 0] Theorem l3.2l is proved in Sections [S] and [51 The proof 
proceeds via discretisation: of the primal problem in Section [5] and of the dual problem in Section 
E Proofs of two auxiliary results are relegated to the Appendix. 

Notation. We gather here, principal notation used in this paper. 

• D is the set of all valued continuous functions / : [0, T] s.t. /o = (1,..., 1). 

• X <Z VL encodes further market information, e.g. the payoff constraints at maturity. 

• C I is the prediction set, i.e. the set of paths the agent wants to consider. 

• For Banach spaces E and F, C{E,F) denotes the set of continuous F-valued function / on 
F, endowed with the usual sup norm || • ||oo. 

• F([ 0 , T], K.'^) is the set of all K.'^-valued measurable functions / : [ 0 ,T] —>• 

• ]D>([0, T], R'*) is the space of all R'^-valued right continuous functions / : [0, T] —>■ R'^ with left 
limits. 

• S = (S^^\ ... is the canonical process on fl and F = its natural filtration. 

• For any to > 1, | • | : R™ —>• R is the norm |a:| = supj<j<„ where x = {x^'^\ ... 

. ||S|| =sup{|S*| : te [0,r]}. 

• A is the set of market options available for static trading at time t = 0. 

• F is a linear pricing operator on X specifying the initial prices for A G A. 

• A is the set of 7 such that 7 : D —F([ 0 , r„], R"^) is progressively measurable and of bounded 
variation, satisfying 

')u{S) ■ dSu > —M, y S € X, t £ [0,T„], for some M > 0. 

See Section 13131 

• For any p> 0, is the set of 7 such that 7 : D —F([0, T„], R'^) is progressively measurable 
and of bounded variation, satisfying 

f lu{S) ■ dSu > —M{1 + sup l^ul^), y S £ it, t ^ for some M > 0 . 

JO 0<u<t 

See Section [331 

• Al is defined to be the set of probability measure P on the space (D,Ft„,F) such that S is 
a local martingale under P, see Subsection 12.51 

• Let Al be the collection of P S A4 such that P = P'^ o M~^ for some continuous martingale 
M defined on (D^, F]P, F'^, F^), where (D'^, F]F, F'^, P^) is a complete probability space 
together with a finite dimensional Brownian motion {kFt }t^o the natural filtration = 
cr{W's|s < 1}, see Subsection 12.51 

• For any notation ITl which is defined by using M ., we write 24 to denote the one that is defined 
in the same way as 91 but by using Al instead of Al, which is considered as an analogue 
of 91, for example, as defined in Subsection 13.11 Pi(G) is denoted sup Ep[G(§)], and hence 

Px(G) = sup Ep[G(§)]. 

PGM 
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• dp is the Levy-Prokhorov’s metric on probability measures on given by 


dp{^,v) 


sup 

/G©5(R^) 



fdfi , 


where 0i(R+) := {/ e C'(R+,R) : |1/|| < 1 and |/(x) - f{y)\ < \x - y\ Vx,?/} (for more 
details, see Bogachev [7|, Chapter 8, Theorem 8.3.2.). 


2 Robust Modelling Framework 

2.1 Traded assets 

We consider a financial market with d + 1 assets: a numeraire (e.g. the money market account) 
and d underlying assets ..., which may be traded at any time t < Tn. All prices are 
denominated in the units of the numeraire. In particular, the numeraire’s price is thus normalised 
and equal to one. We assume that the price path of each risky asset is continuous. The assets 
start at So = (!,...,!) and are assumed to be non-negative. We work on the canonical space 
C([0, T„], R^j.), the set of all R^|.-valued continuous functions on [0,T„]. 

We pursue here a robust approach and do not postulate any probability measure which would 
specify the dynamics for S. Instead we assume that there is a set X of market traded options with 
prices known at time zero, V{X), X £ X. In all generality, an option X G X is just a mapping 
X : C([0,T„],R^|.) —>• R, measurable with respect to the cr-field generated by coordinate process. 
However most often we will consider European options, i.e. X{S) = f{STi) for some / and for 
maturities 0 < Ti < ... < T„ = T. The trading is frictionless so prices are linear and options in X 
may be bought or sold at time zero at their known prices. 

Further, we allow some of the options to be traded continuously. We do this by augmenting the set 
of risky assets so that there are d+K assets which may be traded at any time t <Tn'. d underlying 
assets S and K options xj^^(5'),..., X^\s). We assume that X^\ ..., X^^ are European options 
with maturity T„ and have continuous price paths. In addition, they have non-negative payoffs 
and their prices today V{x\‘^'^ys are strictly positive. Hence, by normalisation, we can assume 
without loss of generality the price of each option starts at 1 and never goes below 0. We now 
consider a natural extension of the path space 

H = {/eC([0,T„],Rf^) : /o = (!,...,!)}. 

The coordinate process on H is denoted S = (St)o<t<T„ be. 

§= (§(i),...,S('*+^)) : [ 0 ,T]^R^, 

and F = {J-t)o<t<T„ is its natural filtration. However, not every w in H is a good candidate for 
price path of these assets. It can be seen from the fact that the prices of option x['^^ and S at 

(c) 

time Tn should always respect the payoff function W) '. Therefore, for the purpose of pricing and 
hedging duality, we only need to consider the set of possible price paths of these d + K assets, 
denoted I, i.e. 

I ={oj GO. : .., u;^^))/P(xf)) Vi < K}. 

X, called the information space, encodes not only the prices of these underlying assets and options 
at time zero, but also future payoff constraints. 

2.2 Trading strategies 

A trading strategy consists of two parts. The first part is static hedging X, which is a linear 
combination of market traded options. In contrast, the other part, known as the dynamic trading. 
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features a potentially continuous trading in the underlying asset and a few selected European 
options. Heuristically, the capital gain from this trading activity takes the integral form of f 7 u(<S')- 
dSu- To define this integral properly, we need to impose some regularity condition on 7 . Here, we 
follow Dolinsky and Soner 2l| and consider 7 : [0,r„] —>■ of finite variation for which, using 

integration by parts formula, for any continuous S we set 


/ 7u(S) ■ dSu = 7tSt - 7o5'o - Su- d^u, 
Jo Jo 


>0 Jo 

where the last term on the right hand side is a Stieltjes integral. 


Further, 7 is required to be progressively measurable with respect to a filtration which, in our 
context, is the natural filtration generated by the canonical process. More precisely, we have: 

Definition 2.1. We say that a map cj) ■. fl ^ 21([0, r„], is progressively measurable, if 
Vu, V € A, 

Vu=Vu, Vue[0,t] ^ (j)(y)t = <t){v)t. (2.1) 

We say 7 is admissible if 7 : —>• 21([0,T„],is progressively measurable and of finite 

variation, satisfying 

lu{S) ■ dSu > -M, yS€l,tG [0,T„], for some M > 0. (2.2) 

Let A be the set of such integrands. The set of simple integrands, i.e. 7 & A such that 7 ( 0 ;) is a 
simple function Vw G H, is denoted A'^p. 

An admissible (semi-static) trading strategy is a pair (Al, 7 ) where X = uq for some 

m, Xi € X and oq, G R., z = 1,..., m and 7 G A. The cost of following such a trading strategy 
is equal to the cost of setting up its static part, i.e. of buying the options at time zero, and is equal 
to 



ViX) :=ao+Y,a^ViX,). 

i=l 


We denote the class of admissible (semi-static) trading strategies by Ax and for 7 G A or A’^^ 
respectively. 


2.3 Beliefs 


As argued in the Introduction, we allow our agents to express modelling beliefs. These are encoded 
as restrictions of the pathspace and may come from time series analysis of the past data, or 
idiosyncratic views about market in the future. Put differently, we are allowed to rule out paths 
which we deem impossible. The paths which remain are referred to as prediction set or beliefs. 
Note that such beliefs may also encode one agent’s superior information about the market. 


We will consider pathwise arguments and require that they work provided the price path S falls 
into the predictions set ^ <Z I. Any path falling out of *13 will be ignored in our considerations. 
This binary way of specifying beliefs is motivated by the fact that in the end we only see one paths 
and hence we are interested in arguments which work pathwise. Nevertheless, the approach is very 
parsimonious and as *13 changes from all paths in I to a support of a given model we essentially 
interpolate between model-independent and model-specific setups. It also allows to incorporate 
the information from time-series of data coherently into the option pricing setup, as no probability 
measure is fixed and hence no distinction between real world and risk neutral measures is made. 
The idea of such a prediction set first appeared in Mykland [s^; also see Nadtochiy and Obloj 341 
and 0 for an extended discussion. 


As the agent rejects more and more paths, i.e. takes *13 smaller and smaller, the framework’s outputs 
- the robust price bounds, should get tighter and tighter. This can be seen as a way to quantify 
the impact of making assumptions or acquiring additional insights or information. 
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2.4 Superreplication 

Our prime interest is in understanding robust pricing and hedging of a derivative with payoff 
G : ft —^ R whose price is not quoted in the market. Our main results will consider bounded 
payoffs G and, since the setup is frictionless and there are no trading restrictions, without any loss 
of generality we may consider only the superhedging price. The subhedging follows by considering 
-G. 

Definition 2.2. 

1. A portfolio (A, 7 ) G Ax is said to super-replicate G on tp if 

X{S) + [ " 7 .(^) • dSu > G{S), ys G *p. (2.3) 

Jo 

2. The (minimal) super-replicating cost of G on *p is defined as 

bA.p,‘p(G) := inf |p(A) : 3(A, 7 ) G Ax s.t. (A, 7 ) super-replicates G on tp|. (2.4) 

3. The approximate super-replicating cost of G on ip is defined as 

Vx.v,^{G) := inf |p(A) : 3(A, 7 ) G Ax s.t. 

(A, 7 ) super-replicates G on tp"^ for some e > o|, (2.5) 

where ^P*^ = {w G I : inf^gip ||w — i;|| < e}. 

4. Finally, we let V^-p ,;p(G), respectively V^p >p(G'); denote the super-replicating cost of G in 
(12.41) . respectively in (12.51) . but with (A, 7 ) G 

2.5 Market models 

Our aim is to relate the robust (super)hedging cost, as introduced above, to the classical pricing- 
by-expectation arguments. To this end we look at all classical models which reprice market traded 
options. 

Definition 2.3. We denote by Ai the set of probability measures P on (tl, At„,F) such that S is 
a P-martingale and let A4i be the set of probability measures P G A4 such that P(I) = 1. 

A probability measure P G Aii is called a (A, P, tp)-market model, or simply a calibrated model, 
if P(‘P) = 1 and Ep[A] = V{X) for all A G A. The set of such measures is denoted JA.x,v,a^- 
More generally, a probability measure P G A4i is called an ry— (A, P, tp)-market model if P(*P’') > 
1 — r] and |Ep[A] —'P{X)\ < rj for all A G A. The set of such measures is denoted Ai^x p 

Whenever we have P G Aix,v <9 it provides us with a feasible no-arbitrage price Ep[G(S)] for a 
derivative with payoff G. The robust price for G is given as 

Px.v,^{G) := sup Ep[G(S)], 

PGA^A’,'P,'ip 

where throughout the expectation is defined with the convention that 00 — 00 = — 00 . In the 
cases of particular interest, (A,P) will determine uniquely the marginal distributions of S at given 
maturities and Px^vst^iG) is then the value of the corresponding martingale optimal transport 
problem. We will often use this terminology, even in the case of arbitrary A. 

In practice, the market prices V are an idealised concept and may be obtained from averaging 
of bid-ask spread or otherwise. It might not be natural to require a perfect calibration and the 
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concept of ry-market model allows for a controlled degree of mis-calibration. This leads to the 
approximate value given as 

Px.v,v{G) '■= lim sup ]Ep[G(S)]. 

As we will show below, both the approximate superhedging cost and the approximate robust pricing 
cost, while being motivated by practical considerations, appear very naturally when considering 
abstract pricing-hedging duality. 

In some instances, for technical reasons, it will be convenient to consider only P arising within 
a Brownian setup. We denote the collection of P G AI such that P = P^ o M~^ for some 
continuous martingale M defined on some probability space satisfying the usual assumptions 
(fl^, F^, P^) with a finite dimensional Brownian motion {Wt}t>o which generates the filtra¬ 

tion We write t, ^ to denote Mx,v,'n^ H Ad, ^ ^ for -p fl Ad and Px,v,<:piG) := 
suppg A4y y Ep[G(S)], suppg^j^^^^ Ep[G(S)]. 


3 Main results 


Our prime interest, as discussed in the Introduction, is in establishing a general robust pricing¬ 
hedging duality. Given a non-traded derivative with payoff G we have two candidate robust prices 
for it. The first one, Vx.v.<:(s{G), is obtained through pricing-by-hedging arguments. The second 
one, Px,v,^{G), is obtained by pricing-via-expectation arguments. In a classical setting, the 
analoguous two prices are equal. This is trivially true in a complete market and is a fundamental 
result for incomplete markets, see Theorem 5.7 in Delbaen and Schachermayer [l^ . 


Within the present pathwise robust approach, the pricing-hedging duality was obtained for specific 
payoffs G in literature linking robust approach with the Skorokhod embedding problem, see Hobson 


28l | or Obloj [36| for discussion. Subsequently, an abstract result was established in Dolinsky and 


Soner (2l|, when Q=I = ‘^,n = d= l,K = 0 and X is the set of all call and put options with 
P{X) = Jp X(x)fj,{dx) for all X G X, where p is a probability measure on R+ with mean equal 
to 1 : 

yx.v,i{G) = Px,v,i{G) for a ‘strongly continuous’ class of bounded G . 


The result was extended to unbounded claims by broadening the class of admissible strategies and 
imposing a technical assumption on p. Below we extend this duality to a much more general setting 
of abstract X, possibly involving options with multiple maturities, a multidimensional setting and 
with an arbitrary prediction set fp. 


Note that, for any Borel G : H —>■ M, the inequality 


Vx.v,^{G) > Px,v,^{G) 


(3.1) 


is true as long as there is at least one P G ■A4x,v,<:0 and at least one {X,'j) G Ax which su- 
perreplicates G on *p. Indeed, since 7 is progressively measurable in the sense of (EH), the 
integral ■ dSu, defined pathwise via integration by parts, agrees a.s. with the stochas¬ 

tic integral under P. Then, by (12.21) . the stochastic integral is a P super-martingale and hence 


Ep 


/J’" 7„(§) • dSu 


< 0. This in turn implies that 


G(§) <V{X). 


The result follows since (X, 7 ) and P were arbitrary. 


3.1 General duality 

We first consider the case without constraints: X = % and *P = I. As this context will be our 
reference point we introduce notation to denote the super-hedging cost and the robust price. We 
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let 


Vi(G) := inf < a; : 3^) ^ A s.t. 7 super-replicates G — x onX\, Pi(G) := sup Ep[G(S)]. 

J V^Mi 

(3.2) 

We also write Px(G) for sup Ep[G(§)] and Y^{G) for super-replicating cost of G using 7 G A^^. 

PGMz 

Assumption 3.1. Either A" = 0 or x['^\... ,X^'^ are bounded and uniformly continuous with 
market prices V{x[‘^^),... ,V{X^^) satisfying that there exists an e > 0 such that for any {pk)i<k<K 
with — Pfc| < e for all k < K, Mf ^ 0, where 

I-.= {ujGn : = Af ..., Vi < K}. 

Theorem 3.2. Under Assumption 13.11 for any bounded and uniformly continuous G : U —R we 
have 


Vf(G) = Vx(G) = Pi(G) = Px(G). 


An analogous duality in a quasi-sure setting was obtained in Possama'i et al. and earlier papers, 
as discussed therein. However, while similar in spirit, there is no immediate link between our results 
or proofs and these in [s^. Here, we consider a comparatively smaller set of admissible trading 
strategies and we require a pathwise superhedging property. Consequently, we also need to impose 
stronger regularity constraints on G. The inequality 


Vx(G) > sup Ep[G(S)] 

PGAI1 

is a special case of (EU. Sections 0 and [S] are mainly devoted to the proof of the much harder 
reverse inequality 

Vx(G) < sup Ep[G(S)], (3.3) 

PGMi 

which then implies Theorem 13.21 The proof proceeds through discretisation of both the primal 
and the dual problem. 

We let Lin(A’) denote the set of finite linear combinations of elements of X and 


LinAr(A) = |ao 4-^ : m € N, A^ G A, ^ \ai\ < a|. 

i—1 i—0 


Then, similarly to e.g. Proposition 5.2 in Henry-Labordere et al. 27[, a calculus of variations 
characterisation of Vx,v,^ is a corollary of Theorem l3.21 From that we are able to deduce pricing¬ 
hedging duality between the approximate values. 


Corollary 3.3. Under Assumption 13.11 let fp be a measurable subset of I and X such that all 
X G X are uniformly continuous and bounded. Then for any uniformly continuous and bounded 
G : U —K we have: 


Vx%^{G) = Vx.v.^{G)= inf 

■ .vy / X^LinN(X),N>0 


{Px(G-A-AAq5)+iP(^)}, 


(3.4) 


where A(p(a;) := inf^gtp ||a; — t>|| A 1. 

Remark 3.4. As a by-product of the proof of Corollary 13.31 we show that for any bounded G, 
VA.P.qj(G) = hA^U;r,P.i(G-AA<p) and - N\,). (3.5) 

Assumption 3.5. Lini(A) is a compact subset of C(U,]R) and every A G A is bounded and 
uniformly continuous. 
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Theorem 3.6. Given X, ^ and X satisfy conditions in Corollary 13.31 if ^ p tp 7 ^ 0 for any 
77 > 0, then for any uniformly continuous and bounded G : —>■ R we have 

Vx,v,^{G) > -Pa:’,p,'p(G), (3.6) 

and if X satishes Assumption 13.51 then Af ^ p 7 ^ 0 for any 77 > 0 and equality holds: 

VA,-p,<p(G) = Px,v,<^iG) = P.X .V ,-^{G). (3.7) 

Example 3.7 (Finite X). Consider X = {Xi,... ,Xm}, where AT^’s are bounded and uniformly 
continuous. In this case, Lini(A’) is a convex and compact subset of C(fl,R). Therefore, if 
■^x p qj 7 ^ 0 for any 77 > 0, we can apply Theorem 13.61 to conclude Vx,v,^{G) = Px,v,^{G). 

We end this section with consideration if the approximate superhedging and robust prices, F, P, 
are close to the precise values F, P. First, we focus on the case of finitely many traded put options 
and no beliefs. We consider 

X = l< 7 <(i, l<j< 7 r, l<fc< m{i,j)}, (3-8) 

where 0 < AT^*^ < for any k < k' and m{i,j) € N. To simplify the notation, we write 

P((A«-Sg)+)=Pfe,,,, W,j,fc. 

Assumption 3.8. Market put prices are such that there exists an e > 0 such that for any 
iPk,i,j)ij,k with \pk,i,j — Pk,i,j \ < £ for all i,j, k, there exists a P G Xix such that 

p\„=Ep[(A«-Sg)+] V7,j,fc. 

Remark 3.9. Assumption 13.81 can be rephrased as saying that the market prices {X,V) are in the 
interior of the no-arbitrage region. 

Theorem 3.10. Let X be given in (13.81) . prices P be such that Assumption [3TH] holds and X satisfy 
Assumption 13.11 Then for any uniformly continuous and bounded G : > M, we have 

Vx,v,i{G) = Px,v,i{G). 

The above result establishes a general robust pricing-hedging duality when finitely many put 
options are traded. It extends in many ways the duality obtained in Davis et al. [l 6 | for the 
case of d = n = 1 and AT = 0. Note that in general Vx,v,i{G) = Vx,v,x{G) so it follows from 
Example 13.71 that in Theorem 13.101 we also have Px,v,i{G) = Px,v,i{G). These equalities may 
still hold, but may also fail dramatically, when non-trivial beliefs are specified. We present two 
examples to highlight this. 

Example 3.11. In this example we consider tp corresponding to Black-Scholes model. For sim¬ 
plicity, consider the case without any traded options Ar = O,A’ = 0,d=l and lel| 

fp = {w G O : a; admits quadratic variation and d{uj)t = a^uj^dt, 0 < t < T}. 

Then Af<p = {Po-}, where S is a geometric Brownian motion with constant volatility a under Po-. 
The duality in Theorem 13.61 then gives that for any bounded and uniformly continuous G 

Fp(G) = inf {a; : dy G A s.t. 7 super-replicates G — a; on ip*^ for some e > 0} 

= lim sup Ep[G]. 

'7\.0pg_^^ 

However in this case, P has full support on fl so that fp*^ = fl and Afqj = Ai for any e > 0. The 
above then boils down to the duality in Theorem 13.21 and we have 

Fp(G) = Fi(G) = sup Ep[G] > Ep^[G] = Rp(G), (3.9) 

pga^ 

where for most G the inequality is strict. 

®See also Step 4 in the proof of Theorem 13.221 in Section |4] 
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Example 3.12. Consider again the case with no traded options, K = Q,X = = 1 and let 

= {w € : ||a;|| < b} for some 6 > 1. 


Let G be bounded and uniformly continuous and consider the duality in Theorem 13.61 For each 
N gN pick p(^) G such that 

E]p(N)[G] > sup Ep[G] — 1 /N. 


By Doob’s martingale inequality, 


2=1 



Hence by considering tm{S) = inf{t > 0 : H^H > M} A T, we know 


|Ep(.)[G(S"-)] -Ep(.,[G(§)]| < 


and for M > 6 + 1, 

>hXl/N)< P(^)(||S^"|| > 6+ 1/7V) =PW(||§|| >h+l/N) <l/N, 
where the last inequality follows from the fact that pl^l G . 

Write := Cp(N) (S^“). are probability measures on a compact subset of with mean 

1. It follows that there exists {7r(^'“^}fe>i, a subsequence of {7r(^)}jv>i, converging to some tt with 
mean 1, and by Portemanteau Theorem, for e > 0 

7r({x G : |a:i| < 6 + eVi < d}) > limsup ({x G : \xi\ < 6 + eVi < d}) = 1. 

k—¥co 

Since e > 0 is arbitrary, 7r({x G Rp : |xi| < b\/i < d}) = 1 by Dominated Convergence Theorem. 
It follows from Theorem 13.61 that 

Vqj(G) = lim sup Ep[G]<limsup sup Ep[G] + ^ + < P^{G) + . 

^-^-oOpg^VN fc-).oo PGM^(Nfc) 

where the last inequality follows from Lemma 14.41 It is straightforward to see that any P G A4 ^ is 
supported on ip, and hence from above we have, for all large M, 

%(G)<Pcp(G) + i^ and hence %(G) < P<p(G). 

We conclude that in this example 

%(G) = Pp(G) = Pp(G) = Kp(G). 

3.2 Martingale optimal transport duality for bounded claims 

We focus now on the cases when (X, V) determine uniquely certain distributional properties of 
S under any P G We start with the case when X is large enough so that the market 

prices V pin down the (joint) distribution of ... ,Sy^) under any calibrated model. Later we 
consider the case when only marginal distributions of for i < d are fixed. In the former case we 
limit ourselves to one maturity and ^ = I which simplifies the exposition. It is possible to extend 
these results along the lines of the latter case, when we consider prices at multiple maturities and 
a non-trivial prediction set, however this would increase the complexity of the proof significantly. 
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Let n = 1 and T = Tn- We assume market prices for a rich family of basket options are available. 
We consider 


X s.t. Lin(-b’) is a dense subset of {/(Sy\ ... —>■ R bounded, Lip. cont.}. (3.10) 


In particular, X is large enough to determine uniquely the distribution of §t under any calibrated 
model, i.e. there exists a unique probability distribution tt on such that 


Ep[X]=V{X) 



..,Sd)7r(dsi,...,dsd), 


\/X £ X £ A4x,'p,x- 


(3.11) 


As an example, we could take X equal to the RHS in (13.101) . A martingale measure P £ M.x is a 
calibrated model if and only if the distribution of ..., under P is tt. Accordingly we write 
M.X.V.X = M.t!,x with AIttXj P-n,x etc. defined analogously. Note that in a Brownian setting, we 
can always define a continuous martingale M valued in with Mg = 1, ..., M^'^) ~ tt 

and ..., for every i < K simply by taking conditional expectations of 

a suitably chosen random variable distributed according to tt and satisfying payoff constraints. It 
follows that the following equivalence holds. 


Lemma 3.13. For a probability measure tt on R^j., Al „ ^ ^ if only if AAtt^x 0 if and only 

if 




Si7r(dsi,..., dsd) = 1, i = I,... ,d. 


(3.12) 


Note that if (13.121) fails, then one of the forwards is mispriced leading to arbitrage opportunitiefl 
We exclude this situation from our setup. The following is then a multi-dimensional extension of 
the pricing-hedging duality in Dolinsky and Soner 211. 


Theorem 3.14. Consider traded options X and information space I satisfying (13.101) and As¬ 
sumption |3Tl with market prices V such that A4x,v,x ^ 0- Then for any uniformly continuous 
and bounded G, we have 


Vx.v.x{G) = Ptt,x{G). 


It is clear that the above result holds if instead of assuming every X € X is bounded and Lipschitz 
continuous, we allow bounded and uniformly continuous European payoffs, as long as X contains 
a subset made of bounded and Lipschitz continuous payoffs, which is rich enough to guarantee 
uniqueness of tt which satisfies (13.111) . 

We now turn to the case when X is much smaller and the market prices determine marginal 
distributions of for i < d. For concreteness, let us consider the case when put options are 
traded 

A = {(A:-§^])+ : f = l,...,d, j = l,...,n, K € R+}. (3.13) 

Arbitrage considerations, see e.g. Cox and Obloj [l^ and Cox et al. 0 , show that absence of 
(weak type of) arbitrage is equivalent to Ala',p,'p 7^ 0- Note that the latter is equivalent to market 
prices V being encoded by probability measures ) with 

P^AK)=P{{K-4])+) = JiK-s)+pf{ds), (3.14) 

where, for each * = 1 , ..., d, \ ..., fin'^ have finite first moments, mean 1 and increase in convex 
order ^ ^ ^ be. f </>(x)fj,[^\dx) < ... < f (/>(x)fj,A (dx) for any convex function 

^This may be, depending on the sign of mispricing and the admissibility criterion, a strong arbitrage in Cox and 
Obloj [Tsil or model independent arbitrage in Davis and Hobson [T^ and Acciaio et al. [3| or else a weaker type of 
approximate arbitrage, e.g. a weak free lunch of vanishing risk; see Cox and Obloj [TsIl and Cox et al. El- 
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(j) : K+ —>■ R. In fact, as noted already by Breeden and Litzenberger probability measures 
are defined by 

([0, A']) = {K+) for a: G IR+. 

We may think of ) and as the modelling inputs. The set of calibrated market models 
is simply the set of probability measures ¥ G M. such that is distributed according to 
and P(fp) = 1. Accordingly, we write and = Px,v,<:^{G). Furthermore, 

since all have means equal to 1, under any P G S is a (true) martingale. 

Remark 3.15. It follows, see Strassen [d^, that 7 ^ 0 if and only if ..., have finite 

hrst moments, mean I and increase in convex order, for any i = 1,..., d. However, in general, the 
additional constraints associated with a non-trivial tp C I are much harder to understand. 

In this context we can improve Theorem 13.61 and narrow down the class of approximate market 
models requiring that they match exactly the marginal distributions at the last maturity. 

Definition 3.16. Let be the set of all measure P G such that £p(S^^), the law of 

under P satisfies 

and dp(£p(S^j’), < 77 , for j = 1 ,..., n - 1 , * = 1 ,..., d, 

and furthermore P)*)!**) > 1 — ??. Finally, let 

h,v{G) := lim sup Ep[G(§)]. 

Note that C ^3 for a suitable choic^l of £( 77 ) which converges to zero as 77 —>• 0. It 

follows that Pp^rp{G) < Px,v,^{G). The following result extends and sharpens the duality obtained 
in Theorem 13.61 to the current setting. 

Theorem 3.17. Let *p be a measurable subset of I, X be given by (13.131) and P be such that, 
for any 77 > 0, Mp <;p r] 7 ^ 9, where /2 is defined via (13.141) . Then for any uniformly continuous and 
bounded G the robust pricing-hedging duality holds between the approximate values: 

Vx.v.viG) = Px,v,viG) = hxiG)- 


3.3 Martingale optimal transport duality for unbounded claims 

We want to extend Theorem 13.171 to unbounded exotic options, including a lookback option. How¬ 
ever, the admissibility condition considered so far, and given by (ESI), is too restrictive and has to 
be relaxed. To see this consider d = 1, K = 0, X is given by (I3.13P and G(S) = supg<«y^ §(. If 
G could be super-replicated by an admissible trading strategy (X, 7 ) G Ax then, following similar 
arguments as for dSH), we see that 


Pi(G-X) < 0. 


This is clearly impossible since X is bounded and there exists P G At such that Ep[G(S)] = 00 . 
The argument is similar if instead of puts we took all call options. We conclude that we need to 
enlarge the set of dynamic trading strategies A. 


We fix 77 > 1 and, following Dolinsky and Soner [2l| , define the following admissibility condition: 
7 is admissible if 7 : H —7 T>[0, T„] is progressively measurable and of bounded variation, satisfying 



■dSu>-M{l+ sup 

0<s<t 


y S £ I, t G [ 0 , Tn], for some M > 0. 


®One can talce e(r]) = ,/ri + 2f{l/^) with f{K) = maxi<i<d {pi,n{K) - K + 1). 


(3.15) 
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To avoid confusion, we denote by the set of all such 7 . We also say (-Y, 7 ) G if 7 € A^^^ 
and X = ao + for some m and Xi € given by 

^(p) . \ f(^x)\ < K{1 + |a;|^) for some K > 0, for j = 1,..., n, i = 1,..., d}. 

As previously with X in (Id. 1311 . the above set X^p'> is large enough to determine uniquely the 
marginal distributions of That is Aix,v,<:p ^ 0 implies that there exist unique probability 
measures such that £p(S^^^) = i = 1,..., d, j = 1,..., n for any P G 
We write V^\, for the superreplication cost Vx,v,'^{G) but with (^, 7 ) G A^^'^ and V^\, for 
the approximative value. We need to assume that /r’s admit moment. 

Assumption 3.18. Assume p = : i = 1,... ,d, j = ,n) are probability measures on 

(2) (2) (2) 

K+, with mean 1 , admitting finite p-th moment for some p > 1 and ^ P 2 ^ ^ Mn , 

i = 1 ,..., d. 

Theorem 3.19. Let p satisfy Assumption 13.181 ip be a measurable subset of X such that for any 
rj > Q, 7 ^ 0- Then, under Assumption 13.11 for any uniformly continuous G that satisfies 

\G{S)\<L{1+ sup IStD, 

0<t<T„ 

the following robust pricing-hedging duality holds 

where p is the same as in Assumption 13.181 

3.4 Martingale optimal transport dnality with exact marginal matching 

Theorems 13.141 and 13.191 extend the duality obtained in . In general we obtain an asymptotic 
duality result with the dual and primal problems defined through a limiting procedure. In this 
section, we want to focus on establishing a duality result without any asymptotic approximation. 
As already seen from Theorem l3.141 in a setting where there is a single marginal and the prediction 
set is absent, this type of duality result can be obtained without imposing further conditions on the 
payoff function G other than uniform continuity. However, to achieve this goal in a more general 
setting, we will impose stricter conditions on the payoff function G and prediction set *p. 

Assumption 3.20. There exist constants L > 0 and p > 1 such that G is uniformly continuous 
w.r.t. sup norm || • || and subject to 

|G(5)| <L(I + ||5r), 5GP([0,r„],Ri) 

Moreover, let v,v G (D([0, T„], be of the form 

n mi —1 

i=l j=0 
n mi —1 

i=l j=l 

where = ti,o = Ti \/0 < i < n — 1, = Ti \/l < i < n. Then, 

n mi 

|G(u)-G({))| (3.16) 

i=l i=l 

where as usual Xtij := tij — tij-i and Xtij := Uj — Uj-i. 
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Note that Assumption 13.20] is close in spirit to Assumption 2.1 in 21|. Despite their proximity, 
our assumption here is strictly weaker, which can be seen from the fact that it includes European 
options having intermediate maturities, in contrast to Assumption 2.1 in 


21 |. 


Definition 3.21. We say fp is time invariant if for any non-decreasing continuous function 
/ : [0,Tn] —>■ [0,r„] such that /(O) = 0 and /(T^) = Ti for any i = l,...,n, S G *P implies 

Theorem 3.22. Let ft satisfy Assumption 13. isl and ip be closed and time invariant. Then, under 
Assumption 13.11 for any G that satisfies Assumption 13.201 the following robust pricing-hedging 
duality holds 

^%iG) = yp%iG) = Pp,<^iG) = PpMG), ( 3 - 17 ) 

where p is the same as in Assumption 13.181 


4 First proofs 


We present in this section proof of all the results except Theorem 13.21 which is shown in Sections 
[5] and [6] We start by describing a discretisation of a continuous path, often referred to as the 
“Lebesgue discretisation” which will often used. In particular, it will be central to Section [S] but 
is also employed in the proofs of Lemma 14.3114.4114.51 and Theorem 13.221 below. 

Definition 4.1. For a positive integer N and any S' G D, we set Tq^\s) = 0 and mg^^(S) = 0, 
then define 

= inf {f > T-i-j('S') : \St - 5'^m(s)l = ^ ^ 

and let = min{fc G N : Tj.^\s) = T}. 


Following the observation that < oo VS G D, we say the sequence of stopping times 

0 = < • • • < = T forms a Lebesgue partition of [0,r] on D. Similar partitions 

were studied previously, see e.g. Vovk (45j |. Their main appearances have been as tools to build 
pathwise version of the Ito’s integral. They can also be interpreted, from a financial point of view, 
as candidate times for rebalancing portfolio holdings, see Whalley and Wilmott (l^ . 

Remark 4.2. Note that for any S, S G D such that ||S— S|| < 2“^. To 

justify this, notice that for each i < {S* : t G fl {k/2^ : k G 

N+} has at least three elements, which implies that for each i < there exist at least 

one j < such that Tj^\s) G In consequence, for any sequence 

(P(^^)fc>i converging to P weakly and bounded non-increasing function (/) : N —K 


Ep 




< liminfEp(fc) 

k—¥oo 




m 


(15-2) 


(§)) 


( 4 . 1 ) 


4.1 Proof of Corollary 13.31 and Remark 13.41 

Note that any (W, 7) that super-replicates G — NXrp also super-replicates G — 1/N on It 

follows that 

>p(G) =inf |p(X) : 3 (W, 7) G s.t. (W, 7) super-replicates G on for some e > o| 

-I- inf |R(Af) : 3 (W, 7) G s.t. (A", 7) super-replicates G — A^Aqj on l|. 
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Since it holds for any we have 

V^^-p (p(G') < inf |p(X) : 3(X, 7 ) G s.t. and (^, 7 ) super-replicates G — TV Asp on l| 

= '^^ylT,T{G-NX^). 

Note that by the same argument above we have 

Vx^v,< 9 (H) < Vx,vx{H - fVA«p) and fo;^^,,p(i?) < hif^ - iVA<p) (4.2) 

hold for every bounded measurable H. 

Notice that 

inf |p(X) : 3(X, 7 ) G s.t. (-^, 7 ) super-replicates G — A^Asp on l| 

= inf^ ^ {’^(-^) + inf |a; : 37 G s.t. 7 super-replicates G — A^A^i — X — a: on l}| 

= inf {V{X)+Y^^{G-NX^-X)] 
xeLin(a') ^ ^ ' > 




XeLin(a') 

where the last equality is justified by Theorem 13.21 as Asp and X are bounded and uniformly 
continuous. Hence, we have 

^^7psp(G)< inf |p(X) + Px(G-X-7VAsp 

Ar>0, JfGLin(Ar) I 

On the other hand, given any (AT, 7 ) G Ax and e > 0 such that (AT, 7 ) super-replicates G on tp*^, 
by the admissibility of {X, 7 ) G Ax and boundedness of AT and G, if A^ > 0 is sufficiently large 
then 

X[S) + [ " 7„(5) • dSu > G{S) - N, 

Jo 

and hence (A", 7 ) super-replicates G — A^Asp . It follows that 

VA’,-p,<p(G) =inf |p(Ar) : 3(Ai, 7 ) G Ax s.t. (AT, 7 ) super-replicates G on for some e > o| 


> 


hffi^inf |p(A') : 3(Ar, 7 ) G Ax s.t. (Ai, 7 ) super-replicates G— A^Asp onl| 


N>0 

inf |iP(X)-f Vi(G- AT-TVAsp)} 

Af>0,XGLin(A^) ^ ’ 

inf |p(X) + Px(G-X-7VAsp)|, 

Af>0,XGLin(A^) I J 

where the last equality is again justified by Theorem 13.21 As VA',-p,'p(G) < 71 (G), this estab¬ 

lishes the equality in (13.41) . 

Note that by the same argument above we can argue that 

Vx,vMH) > bffi Vx,v,x{H - fVAqj) and > hffi - NX^) 

hold for every bounded measurable H. Therefore, combining this with (14.21) . we show (13.5|) . 


4.2 Proof of Theorem 13.61 

To establish (ESI), we consider a (A, 7 ) G Ax that super-replicates G on tp*^ for some e > 0, i.e. 

A(S) + / " 7 «rfS„ > G(S) on qiA 

Jo 
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Since X is bounded, it follows from the definition of admissibility that there exists M > 0 such 
that 

X(§) + [ " 7„dS„ > G(§) - MAqj(§). 


(4.3) 


Next, for each TV > 1, we pick S sp such that 


Epw[G(S)]> sup Ep[G(S)]- 


^X,v 


N' 


Since 7 is progressively measurable in the sense of (EH), the integral 7 „ (S) • dSu, defined pathwise 
via integration by parts, agrees a.s. with the stochastic integral under any Then, by (I2.2L 

the stochastic integral is a P^^^-super-martingale and hence Ep(jv) 7 „(§) -dSt, 
from (lT3l) . we can derive that 


1 


Ep(iv)[X(S)] > Ep(iv) [G(S) - TWA<p(§)] > sup Ep[G(S)] - - 


< 0. Therefore, 
M 




TV TV 


(4.4) 


Also note that X takes the form of uq + Then by definition of A4x -p >p 

\nx)- Ep(Ar) [A^(§)] I —^ 0 as TV —^ oo. 

This, together with (14.41) . yields 

r{X) > Px,vMG)- 

As {X, 7 ) G Ax is arbitrary, we therefore establish (13.6|) . 

To show (13.71) . we first deduce from Theorem 13.21 and (13.41) that 

kA’,'p,'p(G) = inf |Px(G — A1 — TVAsp) + P(Ai)| 

Js:eLin(A'), Ar>0 t V /j 


lim inf | sup Ep[G — X — TVAsp] + P(Ar)| 
/—>00 X'GLinwfA:') J 


Af —>00 X'GLiniv(A:') t pg^ 
= lim sup Ep[G] 


(4.5) 


N—¥oo 




1/N 


=Px.v,'^{G), 

where the crucial third equality follows from (EH in Lemma below. 

Last, we show that M ^x -p tp 0 for any rj > 0. By the above and equality between Px = Ex in 


Theorem l3.2l we have 

inf I sup Ep[G — vA — TVAm] + E(Af)]- 
A:eLin(A'),iV>0 I pgx J 


inf I sup Ep[G — AT — TVAqj] + E(Ar)| = VA','p,q3(G) = P;t_p_qj(G). 

i(X). N>0 t pe J 


XGLin{A^),N>0 ^ P^tCi 


Then, taking G = 0, as Af ^ ^ m 0 for any 7 > 0, 


inf ( sup Ep[-X-TVA<p]+E(A:)| = PArpm(0) =0. 

XeLin(A:’),Ar >0 t pg^^ j . .-f 

Therefore, it follows from the equivalence in Lemma H31 with Xis = Al, that p q 3 0 for any 
77 > 0. In addition, by (14.71) in Lemmabelow. 

Vx v 03(G) = inf / sup Ep[G — X — AAm] + P(A)'i 
' A:GLin(;f). Ar>0 t pg^^ J 

= lim sup Ep[G] = p q3(G). 

This completes the proof of Theorem 13.61 It remains to argue the following which is stated in a 
general form and also used in subsequent proofs. 
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Lemma 4.3. Let be a measurable subset of I, X satisfy AssumDtioii l3.5l and Xig be a non-empty 
convex subset of M.i. Then the following two are equivalent: 


(i) for any r? > 0, f] Ms ^ 0- 

(ii) infjfgLin(A^). Ar>o | suppg^_^ Ep[—A — NXc^] + P(X)| = 0. 

Further, under (i) or (ii), for any uniformly continuous and bounded G : > R we have: 

inf I sup Ep[G — A — A^Am] + P(A)]-= lim sup Ep[G]. 

XeLinW.AT^O J 

Moreover, for any a, /3 > 0 and D gN. 

inf ( sup Ep[G(S) - a A {f5Jm(D)(S)) - X{S) - iVA<p(§)] -h V{X)] 

XGLin(A’), A^>0 ^ '' ^ 

< lim sup Ep[G(§) — a A {pJ (S))], 

where is defined in Definition mi 

Proof. Choose k > 2V (||G||oo +«). We first observe that 

inf I sup Ep[G — a A (pV— X — A^Am] -|- V(X)\ 
XGLin(a'),Ar>0 t Pg^^ J 

= lim inf { sup Ep[G — a A iP'^/ — X — A^Am] -I- ViX^X. 

TV —>00 Jf GLinjv(A^) t pg^„ J 

Define the function Q : Lin at (A”) x Ads —>■ R by 


(4.6) 


(4.7) 


(4.8) 


C/(A, P):=lim inf Ep 

e\iOpg^^,c;j,(p,p)<e 


G(S) - a A (/3\/m(^-2)) - a;(§) - NX^{E,) +V[X) 


= lim inf Ep 

e\.0 P£Mz. dp (1P,P) <e 


-aAipVmf^) +Ep[G - NXrp - X] + P{X). 

Then by (14.111 in Bemark |4.21 for any sequence (P^^^)fc>i converging to P weakly, 

Ep 

and hence 


— a A (/3Gm('°)(S)) < hminfEp(fc) — a A (/3 Gto(-°“2) (S)) 


fc-> 


lim inf | sup Ep[G — a A (pV m(^)) — X — A^Am] -|- V(X)\ 

TV^ooXeLinjv(AT) I PgAl, -FJ v /J 

< lim inf sup Ep[C/(X, P)], 

N—nx XGLinN'(a') Pg^Vla 
with equality when a = /3 = 0. 

The next step is to interchange the order of the infimum and supremum. Notice that when we 
fix P, Q is affine in the first variable and continuous due to bounded convergence theorem. In 
addition, by definition Q is lower-semi continuous in the second variable. Furthermore, Q is convex 
in the second variable. To justify this, we notice that P 1 —>■ Ep 
functional and it follows that for each e > 0 and A G [0,1] 


— a A 


is a linear 


inf Ejp 

PGA4a,dp(lP,AP(i)-|-(l-A)P(2))<e 


— a A{f)\/{S)) 


<X inf Ej 

PGA^s.dp(IP.P(i))<e 


-aA(/3GTO(^-2)(S)) +(1-A) inf Ej 
'' J PGMs,dp(P,P<^>)<e 


— a A {pJ m(^“^)(§)) 
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Since Lin 7 v(-^) is convex and compact, it follows that we can now apply Min-Max Theorem (see 
Corollary 2 in Terkelsen to G and derive 


lim inf sup Ep[C/(X, P)]= lim sup inf Ep[C/(X, P)]. 

N^oo XGLinAr(A") N^oo XGLin^r(-^) 


Therefore, we have 


lim inf | sup Ep[G — a A {pV m(^)) — X 
AT—>-oo XeLinAr(a’) ^ P^A^g 


iVA<p]+iP(X)} 


< 


lim sup inf |Ep[G — a A {pV— X — 
AT^oo XeLiniv('y) ^ 


iVAqj]+iP(X)}, 


(4.9) 


with equality when a = /3 = 0 . 


Now first consider the case: a = (3 = Q. In this case, it follows from above that 


lim inf < sup Ep[G — X — 
Af-^oo XeLinjv(A:’) t 


NX<^]+ViX)} 


= lim sup 

N^oo 


{ 


inf Ep[G-X- 

XehinNiX) 


NX<^]+ViX)y 


(4.10) 


Suppose that for any rj > 0, -p P A4s 0- Then we see that for any iV, P S ^3 and 

XGLin7v(A’), 


N \ 

|EpA] - V{X)\ < Y, |a.||Ep[X.] - V{X,)\ = 


2=1 


where X takes the form of ao + for some m € N, € T' and € M such that 

Ya=o addition, Aas < i^lr«^mi/N 2 i + 1 ( 


ji—Q fod — actctition, ^ 


1 0 

Ep[A^A<p] < —P(S G + 7vp(§ ^ 


Therefore, we can deduce that 


lim sup I inf EplG — X — A^Am]-|-P(X)| 

N—¥oo i/iv2 t A'eLinArfa’) ^ 


> 


lim sup |Ep[G] —— I = lim sup 

N —¥00 I/N -2 I N ) N—¥ 00 ^ .>l/iV 

PG>f^(p ,jnA^ ' 


Ep[G]. 


(4.11) 




Consequently, by taking G = 0, using (I4.8I) - (I4.11|) and noting that considering a sup over a larger- 
set increases its value, we have 

inf I sup Ep[—A" — fVAm]-b P(X)]-> 0, 

A:GLin(a’), Ar>0 t pgTVf^ J 

which leads to 

inf I sup Ep[—X — TV Am] +V(X) \ =0. 

A:GLin(a'),7V>0 t pgA^, J 


On the other hand, if 


inf ( sup Ep[-X-TVAq 3 ]+T’(Af)| = 0 , 

A:GLin(a').7V>0 t PeX, J 


(4.12) 


then we will argue in the following that in the sup term of (14.1011 it suffices to consider probability 
measures P G Xi^xv'i^ Suppose P G (A4s \ XA^xv^i then either there exist X ^ X such 

that Ep[X] — 'P{X) > 2k/N or P(§ ^ > 2 k/TV. In the former case, since NX G Lin(T’), 

Ep[G -NX- A^Aqj] -b ViNX) < Ep[G] - TV(Ep[A:] - V{X)) < -k. 
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and in the latter case, ]Ep[C? — iVAqj] < k — 2k = —k, while 


iim sup < ini 

L J>s:GLiniv(^) 


XGLiniv(a) 

I sup ]Ep[C?-X-7VA<p]+P(X)| 


= inf <1 sup 

XGLin(a'), Af>0 1 Pg^Vf* 

> inf I sup Epf—At — X — A^Am] + P(X)| = 

XeLin(AA),Af>0 IpgA^s ^ 


where the last equality follows from (14.1011 . This argument also implies that J^xv^ fl Ads 7 ^ 0 
for any N G N. Therefore we have the equivalence between 

V 77 > 0 Ad^ .p m P) Ads 7 ^ 0 and inf | sup Ep(—X — XAqj) + P(X)| = 0 . 

’ XGLin(a'), Ar>0 t PgA^^, J 


Now consider the general case: a, f3 > 0. We begin to verify dm) and (I4T1) . Since Ad^ p qj r\Ms 7 ^ 
0 Vry > 0, 


sup Ep[X - XA<p] - V{X) >0, VX e X, X e K+. 

PGAIs 


Hence for every N and X € Linjv(X) 


sup Ep[G' — a A {j3\/m^) — X — XAtp] + 7^(X) 

PGTVfs 

> - ||G||oo - a + sup Ep[X - XAqj] - V{X) > -k, 

PeMa 


and therefore 


lim inf { sup Ep[G — a A (/1\/ — X — XAm] + V(X)\ > —k. 

Af-!-ooXeLinN(a') IpgTK, d-J v 


Then, by using the same argument as above, we can argue that in the sup term of (14.91) it suffices 
to consider probability measures P G ^^xv^ H Ads and hence we have 


lim inf | sup Ep[G — a A (Ji\j— X 

N-^oo XeLinN(X) 1 PgA^„ 


XA<p]+iP(X)} 


< lim inf 
N^oo XeLinN(X) 


I sup Ep[G - a A (/3Vm(^-2)) - X] + V{X)] 

^ . ^2 k/N _ . . J 


< lim sup Ep[G — a A {pV 


where the second inequality follows from the fact that —X G Lin at (X) for every X G LinAr(X). 
This completes the verification of (14.71) . In the case that a = /3 = 0, combining the inequality 
above with (I4.11L we then conclude that 


inf 

7fGLin(AA), Af>0 


( sup Ep[G-X-XAq 3 ]+iP(X)} 
'■PGAI. 


= lim 
N —^OO ^ 


sup 


Ep[G]. 


□ 


4.3 Proof of Theorem 13.101 

From Theorem 13.61 as worked out in Example 13.71 we know that 

Vx,v,i[G) = Px,v,i{G) = lim sup Ep[G]. (4-13) 
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Now for every positive integer N, we pick p(^) g x such that 


Ep(iv) [G] + 1/iV > sup Ep[G]. 


We write 


for any i = 1,... d, j = 1,..., n, fc = 1,..., m(i, j), and define by 

P^S,3 = - (1 - ^/'^)pi%)- 


Note that 


\&j - Pk,^,3 \ = {Vn- 1 ) bfc.ij - pi% I < ^ = -^ Vf, j, fc. 


(4.14) 


Then, it follows from Assumption 13.81 that when N is large enough there exists a £ A4i such 
that 

Now we consider Q := (1 — /y/N. It follows that 

eq[( 4:;- - =(i - i/viv)Ep(«,[(K« - 5«)+]+- 5«)+] 

=(1 - l/VN)pi^^- +piZ/^ = Pk,i,3 
and hence Q G M.x.v,i- lu addition, 

|Eq[G] — Ep(N)[G]| < -^(Ep(N) [|G|] + Ejp(N) [|G|]) < • 


Therefore, we have 

sup Ep[G] < sup Ep[G] - 

VN tv 

which leads us to conclude 

Px,'P,x{G) = liui sup Ep[G] < Px,'P,x{G). 

Together with (14.1311 and (13.111 this completes the proof. 

4.4 Proof of Theorem 13.141 

Let 

T = : f£C{Ri,R) s.t. sup^^^^t4M<i, ||/|U < 1}. 

x^y \X y\ 

Then, as Lin(A) is dense in Lin(T), 


We now consider Tm 
and in consequence. 


Vx,v,x{G) = Vy,v,x{G). (4.15) 

{/(Sy ^ AM,..., Sy ^ A M) : f £ y}. Tm is a subset of y for each M G N, 

Vy.v.x{G) <Vy^^x,x{G), VM G N. (4.16) 
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Observe that, for any X ^ X 


AM) < X(§: 




:'i^) 


) + 


M- 1 ^ 


d 


i=l 


and hence 



X{si A M,... ,Sd A M)7r(dsi 



X(si,...,sd)7r(dsi,...,dsd) 


< 


2 d 

M' 


Note that by definition is closed and convex. Also, by Arzela-Ascoli theorem, is compact. 
Hence Lini(3^M) satisfies Assumption 13.51 Therefore, applying Theorem 13.61 to 3 ^m, we have 

VyM,v,x{G)=Py^,v,AG) VA/>0. (4.17) 

Then, by putting (I4.15p . (14.161) and (I4.17P together 

Vx V i{G) < lim ^^(G)= lim lim sup EpfGl < lim sup EplGl. 


For every A^ G N, take G -p x 


sup 


Ep[G] <Ep(K)[G] + -. 


Let be the law of (S^\ ... ,S^^) under It is a probability measure on with mean 

equal to 1. It follows that the family n>i is tight. By Prokhorov theorem, there exists 

{ 7 r(^fc)}^.>i, a subsequence of {7r(^i}jv>i, converging to some tt. In the following, we are going to 
argue that tt is in fact tt. For any X Gy and A^ G N, 


< 


Ep(iv)[A(§r)] - / A(si,...,sd)7r(dsi,...,dsd) 

Jr^ 

Ep(iv)[A(§^^) A Af,...,S^^^ A A^)] - [ X{siAN,...,SdAN)TT{dsu...,dsd) 

./R'f 


+ 2Ep(.) [l{„.ax,<,<„{S«>iV}}] + 2 l{max,<,<„{s.>JV}}’^(dSl, • ■ • , dSrf) 

1 2d 2d 4d+l 

< - ^ - ^ - = - . 

- N N N N 


By weak convergence of Tr^^i, along a subsequence of {7r(^i}7v>i, for every A G 3^ 



...,Sd)Tr^^\dsi,...,dsd) 


Therefore, for every A G 3^ 



.., Sd)7f(dsi,..., dsd) as A —>■ oo. 


/ A(si,...,sd)7r(dsi,.. 

Jr^ 



X{si,... ,Sd)n{dsi,... ,dsd), 


which implies that tt = tt as 3^ is rich enough to guarantee uniqueness of tt. 
It follows that 


Vxvi{G)< lim sup Ep[G] < limsup sup Ep[G] < x(G)) 

where the last inequality follows from the following lemma. 
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Lemma 4.4. Assume 7 r^^'> and tt are probability measures on such that and tt satisfies 
(13.121) and converges to tt weakly. Then, for any bounded and uniformly continuous G, 

a, /3 > 0 and D € N. 

limsup£^(«) i(G(§) -aA{f3Jm(D){S))) < P^^{G{S) - a A (/3 Jm(^-2)(S))), 
where is defined in Definition HU 


Proof. Choose fe ■ R+ —>■ R+ such that |G(a;) — G(u)| < /e(||w — u||) for any a;,u G fl, — 

^ fe{\x- ?7|) for any G R^f. and fe{x) = 0. Now fix N and G M,r(N).i- 

By definition of M, there exists a complete probability space (D^, F'^, P^) together a finite 

dimensional Brownian motion (Wt)t>o a-nd the natural filtration = a{Ws\s < t}, and a 

continuous martingale M defined on P^) such that = P^ o M~^. 


Write cn '■= (ip(7r^^\ tt). converges to tt weakly is equivalent to saying that cat —0 as 

N ^ oo. Fix N. If cn = 0, then it is trivially true that P^(Af)_x(G) = Therefore, we 

only consider the case that e^r > 0. By Strassen’s theorem. Corollary of Theorem 11 on page 438 
in Strassen or theorem 4 on page 358 in Shiryaev ^|, we can find a measurable random 

variable A such that A^+d = ..., for every i < K, 


(A(i),...,A(‘^))- pw TT and P^(|A«-M.^*^| >2ew) <2e7v Vi < d. (4.18) 


We now construct a continuous martingale from A by taking conditional expectation, i.e. 

Tt = E^[A\P^], tG[0,r], 

where is the expectation with respect to P^. Note that by uniform continuity of 
|^((i+i) _ _/\^G+d| < Jg(2eAr) Vi < K, whenever — Mp ^| < 2eN Vj < d 
Hence, for every i < K 

> /e(2ew)) < 2dejv. (4.19) 

Observe that P^[AV)] = = 1 and A^) > 0 P'^-a.s. Vi. Then, using (I4.18L 

^;M"[|A« _ = 2P^[(AW - - E^[A^^'> - 

= 2P^[(AW -M^'>)+] 

< dcAT + 2 / a;i7r(dxi,... ,da;d) + d^eiv, Vi = l,...,d. 

Similarly, for every i < K, 

=2P^[(A(‘^+*) - 

<2/e(2eAr) + 

<2/e(2ev) + ^ ('e'i • 

Now define tjn by 


77Ar = 2/e(2eAr) + devr + 4dy^- ' eat + 2 / a;i7r(da;i,..., dx^) + 
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and note that rjN —>■ 0 as —>■ cx). Then by Doob’s martingale inequality 


d-\-K 

P^{\\T - M\\ > 77 ]/") < 77^/" ^ ii;^[|AW - M«|] < {d + K)r,li\ (4.20) 

It follows that 

\E^[G(T)-GiM)]\ <2id + K)\\G\\o.vT + E^[\Gir)-GiM)\l^^^^_^^^^^^ 

<2{d + K)\\G\\^rj]/^ + MvT)- 

Note that by (14.11) in B,emark |4.2l for N sufficiently large, 

E^[a A 777(-°)(M))] > E^[a A 
As e M ,r(N) X is arbitrary, 

P7,m,x{G -a A {/dV m(^))) < P^^i{G - a A {(dVrnM^)) - (^{d + A:)||G||oo?77v^ + /e(^/v^) + 
Therefore, we can conclude that 

lim supP^(N) x(G — a A {fdV rril'®))) < P_^ x{G — a A {(d\/mdP^)), as required. 

N—^OO 

□ 


4.5 Proof of Theorem 13.171 

From Theorem IT61 we know that 

VA,p,‘p(G) > Px,v,<:piG). 

We also have the observation that P/j,qj(G) < Pa',p,<p(G). Then to establish Theorem 13.171 it 
suffices to show that 


VA.-p,'p(G) < P 7 j,(p(G). (4-21) 

This follows as a special case (a = /3 = 0) of the following crucial lemma which also be used to 
prove Theorem id. 221 below. 

Lemma 4.5. Let ^ be a measurable subset of I, X be given by (13.131) and V be such that, for 
any rj > 0, 0, where jl is defined via (13.1411 . Then for any uniformly continuous and 

bounded G and a,(d >0 

VA.P.qj (g - a A < Pp,<^ (g - a A (/3\/W^)) . 

where is defined in Definition 14.11 
Proof. Recall that 

67 v(Mt):={/eC(RtK) : sup < IV, ||/||oo < A^, 

^ x^y y\ 

and f[xi, ...,Xd) = f{xi A iV^, ...,XdA 7V^) V(a;i,. ..,Xd)€ K+| 


and 0(]R!(.) = UAr>Q©Ar(M(J.). 
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Let Zm = {/(St^) : / G 0m(R+), * = and 3 ^m = '■ / ^ ©m(R+), * = 

1,..., d, j = 1,..., n — 1}. We also write 

Z= U Zm and 3^ = IJ 


M>0 


M>0 


Notice that given any / £ Ch(]R+,]R), e > 0 and a measure /x on ]R_|_ which has finite first moment, 
there is some u : K+ — >■ K taking the form ao+X^^i o,i{s—Ki)'^ such that u> f and / {u—f)dfi < e. 
It follows that 


(^C! — Q; A (/3\/ 

^2uy,'P,<p — a A 

inf (VifG-X-aA(^\/m(^))-iVAm') +iP(X)| 

XGLin(^:uy), Af>0 IV J 

inf (PTfG-X-aA(/3\/m(^-2))-iVA<p') +V{X)\ 
in(2:uy),Ar>0 I V J ) 


XGLin(2:uy), Ar>0 

inf in 
FGLin(y), X>0 M>0 ZGLin(2:M) 


(4.22) 

(4.23) 

(4.24) 


inf inf inf {vJG-Y-Z-a^{|3^f^^^<^^^)-NX^\+V{Y + Z)^ 

W>0ZGLin(2:M) I V ) 


(4.25) 

< ^lim sup ]Ep[G — a A (/SV — Y — NA<;p + ViY)] (4.26) 

(4.27) 


■FGLin(y) M>0,X>0 ^-> 0 ° , .i/i 


< inf inf sup Ep[G — a A {(3\/— Y — A^Aqj + V{Y)\. 


■ FeLin(y) M>0.X>0 


pgai 


1/M 


where the equality between (14.221) and (14.231) follows from Remark 13.41 the inequality between 
(14.231) and (14.241) is justified by Theorem 15.21 Finally the inequality between (I4.25|) and (14.261) 
is given by Lemma [4.31 To justify this, we first observe that ©i(K+) is a convex and compact 
subset of C(IR+,M). Then, since Lini (Zm) = Zm for any M, Lini(ZM) satisfies Assumption 13.51 
Therefore, by keeping Y and N fixed and applying Lemma 14.31 to 


inf (Px(G - a A (/3\/W^^) - F - Z - iVAqj) + V(Y) + V(Z)], 

Z^Lin{ZM) ^ ^ 

we establish the inequality. 

For any P G JY^ZmVX^ = max{dp(/xi*\ £p(S^^)) : 1 < z < d}. Since dp, the Levy- 

Prokhorov’s metric on probability measures on is given by 


dp(/i, !/):= sup / jdv- / fdfi 
feel’CRy'i j j 


where ©?(M$) := {/ £ G(IR^,] 
g £ ©J(IR+) such that 


/605(R^) 

< 1 and \ f{x) - f{y)\ < \x-y\Wx^ y}, we can pick 


5(a:)^^*^(dx) — Ep[(7(§y^)] > ep/2 for some i = 1,..., d, 


and define g £ ©m(R+) via g{x) = Mg{x A A'P). Then, 
g{x)y^riHdx) -Ep[5(Sy)] 


5d/x« - Ep[ff(§«)] - (M + l)y^\{\x\ > M^}) - {M + 1)P(|§« | > M^) 


(4.28) 


>M 


^Mcp/2 — 


2(Af + 1) 

NP ■ 
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By definition of -p, 


5(x)/xW(dx)-Ep[g(sg)] <l/M. 


Hence, ep < 1/M^ + 2{M + 1)/M^ < 2/M when M is sufficiently large. It follows that P S 
I 2 /m hence p C _ p 2 /m when M is sufficiently large. In consequence 


inf sup ]Ep[G — a A (/3 \/— Y — A^Atp + ViY)] 

< inf sup ]Ep[G — a A (/3 \/— Y — N\<^ + ViY)]. 


For every M G N+, take G Ad.fj.„,i, 2 /M such that 


E 


p(M) 


G-a 


> sup 

|Jn ,I, 2 /M 


A (/3V'm(^-4)) - y - 7VA>;; + lP(y) 

Ep[G - a A -Y- iVA<p + lP(y)] 


1 

M' 


Let Tri^^ be the law of ■ ■ ■ ^ under p(^). It is a probability measure on with mean I. 
It follows that the family {7ri^^}M>i is tight. By Prokhorov theorem, there exists a subsequence 
converging to some 7r„. Note that the marginal distributions of 7r„ are /I'n's. By Lemma 
14.41 it follows that 


lim sup Ep[G - a A (/3 \/to(^-4)) -Y - N\^ + V{Y)] 
^^'^P6M^„,x,2/m 

< sup Ep[G - a A (/3 \/to(-d-6)) -Y - iVA<p + V{Y)]. 

FeM^„,x 


With the result above, we continue with (14.271) : 


VA’'P'u(G)< inf inf sup Ep[G — a A (/SV — Y — TV Am + ViY)] 

’ FeLi„(y) M>o,iv>o i/M 


< inf sup EplG — a A (/3 \/— Y — NXm + V(Y)] 

Yehin{y), N>0 PeAl^„ X 


< inf inf sup Ep[G - a A -Y - fVAm + V(Y)] 

M>OYehiniyM),N>OpeM^^,x 


< 


inf lim 
M>0 N—¥oo 




sup 


,in A'f 


l/N 


Ep[G-aA(/3y/TO(-D-8))] 


< inf sup Ep[G — a A (/3\/mf-®”®))]. 




tflMf 


l/M 

Vm^'p^V 


To justify the second last inequality, we first notice that -^y^ v ^ ^ for any M G N and 77 > 0 
since Mp^<;fs,n yf 0 for any 77 > 0, and hence it follows from Lemma 031 with Ms = that 

inf inf sup Ep[G — a A (pV— Y — NXm + V/Y)] 

M>OFGLin(yM),Af>OpgA^^„,i 


< mf hm sup Ep G — a A (/3\/ 

M>0N^oo^ 

PGA^,,„,znA1y^_.p_q3 

< inf sup EplG — a A (/3\/ 
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Next we are going to argue that qj H C when M is large enough. Fix 

P G n and let ep = max{dp(/r^*\ £p(§yj’)) : i < d, j < n}. We can pick 

g G ©i(IR+) such that 


g{x)g^"\dx) - Ep[ 5 (S^h] > ep/2 


for some i < d, j < n — 1. 


By following the same argument as above, we can show that ep < 1/M^ + 2(M + 1)/M^. Hence, 
■^ymV ^3 ^ ■^^,<p, 2 /M when M is sufficiently large. Therefore, we have 

hA’,-p.'p(G) < inf sup Ep[G' — a A {fdV 

< lim sup Ep[G' — a A {^V = Pp_ >qj(G' — a A {f3\/ 
^-^°°IP6VK/r,,!.2/iV 


□ 


4.6 Proof of Theorem 13.191 


We start with a key lemma, analogous to the one obtained in Dolinsky and Soner [21 1. 
Lemma 4.6. Consider 

maxi<i<d 


aoiS) ( m^^^ ||sG)||+i>d} + 


D 


(4.29) 


Then, given that satisfies Assumption 13.181 for any P G Af such that £p(§^^^) = 

'di < d, j < n 

Ep[aD(S)] < e2(/rTi, 1?), (4.30) 

where e 2 ifl„,D) := ( 2 \x\Pg^n\dx) + / |a;|P/rl*^(da;)) ^ 0 as ^ 

00. 


Proof. First define hu : R —?► R by 

hoix) = pDP ^|a;| — ^ ^ + |a;ri{|x|>D}- 

Notice that is convex and satisfies 




such that /lp(S^]) = Mi < d, j < n, {hoi^t) ■= (h^H§t), ■ •., h^^(§t))}t>o 
„ m -Doob’s ineoualitv 


For any P G Af sucn uiar ) = gy yi ^ a, j ^ n, \iiD\S't) '■= ) 

a sub-martingale under P since hu is convex. Therefore by Doob’s inequality 

Ep[az3(S)] < Ep[2||ho_i(S)||] + ^Ep[|l§ri 

1 ^ |pj^ 


is 


d ^ 

i=l ^ 

[ \x\^dnHdx) + ^ [ |a;|P^W(da;)^ =e2(/2„,D). 




□ 
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We now proceed with the proof the Theorem 13.191 We first show that ^ q 3 (G). 

Given (A’, 7 ) S such that (A, 7 ) super-replicates G on for some e > 0, since X is bounded, 
it follows from the definition of that there exists Mi > 0 such that 

X(S«,...,SW)+ / " 7 „dS„>G(S)-Mi(l+ sup |§t|P)l{s^q,e} onl. (4.31) 

Jo 0<t<T„ 

Next, for each > 1, we pick G such that Epcw) [G(§)] > sup Ep[G(§)] — 

We first notice that is of the form J2i=i some fij such that 

< d, j < n fij is continuous and bounded by M 2 (l + |S^^|) for some M 2 . Since by Jensen’s 
inequality, for any P G A4 such that £p(§^^) = \/i < d 


Ep[|§^^|P] < Ep[|S^^ |P] < [ xPfid\dx) <00 Vi<d,j<n, 

' " J[0.oo) 

it follows from weak convergence of measures, definition of and Lemma 14.61 that 

\V{X)-Ep(N)[X{S^^\...,S^‘^^)]\^Q asN^oo. (4.32) 

Since 7 is progressively measurable in the sense of (EH), the integral ju (S) • , defined pathwise 

via integration by parts, agrees a.s. with the stochastic integral under any Then, by (12.2L 

the stochastic integral is a P^^^ super-martingale and hence Ep(jv) 7 «(S) ■ < 0. Therefore, 

by Lemma lT6l 

Ep(Af) [Af(S)] >Ep(jv) [G(S) — Mi(l -I- |§|^)l{s^(pe}] 

> sup Ep[G(§)] - — - MiEp(N) [(1-b |S|^)l{s^qje}lr||g||<jvi/ 2 p|] 

- MiEp(Af) [(1 -b |Sr)l{S^'P'}l{||s||>Ari/2p}] 

>_ sup Ep[G(§)] - ^ ^ - e 2 (/?n,iVV^P). 


PGtM jr,ip,i/Ar 


N 


N 


This, together with (14.3211 . yields 


nx) > ppMG)- 


As (-A, 7 ) G Ax is arbitrary, we therefore establish F^^q 3 (G) < V^^d) -p 75 (C)- 

Let D > 1 and define Gd byG_D = GAZlV {—D). Then it is clear that Gp? is bounded and 
uniformly continuous. Therefore, by Theorem 13.171 


Add’d) p<^{Gl+d)= lim sup Ep[Gp+p,(§)] 


< lim sup Ep[G(S)] -b 2L lim sup 

';\.0pepo(-,p_^ '?N0p6po(- ,3 ,, 


Ep (1 -b ll^ll^)l{||S||>(.g)i/p} 


where the second inequality follows from Gp+p)(§) < G(S) -b 2L(l -b l|Spl|||s||>(D) i/p})• 

We know from Assumption 13.11 that any S' G I satisfies |1S^*^|| < k V* > d, where k is the smallest 


number such that X^dPiX^’Y^ bounded by k. It follows from Lemma 
D > LkP and P G Xip^<:p^r] 




that for any 



(1 -b II^F)i{iisii>(^)i/p} 


< e2{f^n, D/L) —>■ 0, 


as H —?► 00 , 
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and therefore, 


limsupl4^^) (Gd+l) < P/2,q3(G). 


^ A’(P),'P,^ 

D—¥oo 

On the other hand, by the linearity of the market, 

rip) (r^\ << T/(p) {\ I T/(p) 




Since 7 ^ 0 for any r] > 0, ^ q 3 (aD) > Pp^’^i.oio) > 0. Then it follows from lemma 4.1 


in Dolinsky and Soner [2l| and the obvious fact that ^ ^{ao) > -p <^{ 0 / 0 ) that 


Kp) 


limsupA^^),) ,p ,p(ai5) = 0. 


D—¥oo 


Hence we conclude that 


Pp^G) < rit),p,q3(G) < hmsuplG^i, ,,^^(Gr7+L) < Pp,<^iG) 


(p) 


D—¥oo 


and therefore we have equalities throughout. 


4.7 Proof of Theorem 13.221 

We first make two simple observations. 

Remark 4.7. If tp is a non-empty closed subset of fl with respect to sup norm, then 

e>0 e>0 


where is the closure of 

Lemma 4.8. If *p is time invariant, then for every e > 0 fp*^ is also time invariant. 

Proof. Fix e > 0, S' £ 'P'^ and a non-decreasing continuous function / : [0,T„] —^ [0,T„] such that 
/(O) = 0 and /(Ti) = Ti for any i = 1,..., n. By definition, there exist £ *P such that 

||SW-S||<e+l 

Now write St = Sf(^t) and S^^ = sj.'^j. Note that £ ‘P as *P is time invariant. Then it is 
clear that 

||SW-S|| = ||SW-S||<e+l 

which implies that S £ tp*^. Since S £ tp*^ and / are arbitrary, we can therefore conclude that 'P'^ 
is time invariant. □ 

We now proceed with the proof the Theorem ld.221 As argued in the proof of Theorem ld.l9l above. by 
Lemma lTBl it suffices to argue (13.1711 for bounded G. Further, note that the inequalities V^^(G) > 
'^p%(G) > F/r,<p(G) hold in general. In addition, according to Theorem 13.191 F^^(G) = P^,<p(G). 

Therefore, we only need to show Pp,<v{G) = Ppt, (p(G). Our proof of this equality is divided into 
six steps. First, using Lemma 14.51 we argue that it suffices to consider measures with “good 
control” on the expectation of Next, we perform three time changes within each trading 

period [Ti,Ti+i]. The resulting time change of §, denoted §, allows for a “good control” over 
its quadratic variation process. At the same time, we keep G(S) and G(S) “close” and given a 
measure P £ with good control on Ep[m^^^(S)], since *P’' is time invariant, the law of the 

time-changed price process S remains an element of Then, in Step 5, given a sequence 
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of models with improved calibration precisions, we show tightness of quadratic variation process 
of the time-changed price process § under these measures. This then leads to tightness of images 
measures via S. In Step 6, we deduce the duality PpMG) = Pp,<:p{G) from tightness and conclude. 

Step 1: Reducing to measures P with good control on Ep[to^^^(S)]. 

Let G be bounded and satisfy Assumption 13.201 Choose k G such that ||G|| < k and let 
fe : —>■ M+ be the modulus of continuity of G, i.e. 

|G(w) — G(t>)| < /e(|w — u|) for any w, u £ O 

with lima;_>o fe{x) = 0. Fix D G N. Consider a random variable 


m(n)(S) 

\ j=i i=i " ^ ’ 

where ri^^’s and are defined in Definition 14.11 


Then by Lemma 5.4 in Dolinsky and Soner 221 

0 < V^%{XDm < cig(X, 5 (S)) < 3dDjg(||§r) < oo. 
It follows that from the linearity of the market and the estimate above 

Xd{^)' 


V^%[G{^)) <^S(g(S) - k2^ a + V^%[Xd{^)/2^) 

+ Cil2^ 


<^S(g(s) 




<C^,qj(G(S)-K2"^A 


D ^ 


22D 


<Pp,‘V 


(g(S) 




= lim sup Ep 


22D 

G(S) - k2^ a 


) + C 2 / 2 ^ 

^)tc 2/2 




22D 


■C 2/2 


D 


where C 2 is a constant and the last inequality follows from Lemma 14.51 
Next we denote Xix the set of P G Mx such that 


Ew 


k2^ A 


(S) 


22D 


<2k + 2. 


We notice that if P £ Af such that P ^ A4x, then 

< K — 2k — 2 = —K — 2. 


Ep 


G(S) - k2^ a 




22D 


While for N sufficiently large, 


sup Ep G(S) — k2^ a 

PGA1/I_q3_i/iV 




22 D 


>Pp 


,u(g(S) 


- k2'> a 


22D 


(4.33) 


>V'i^(G(S)) — € 2 / 2 ^ > —K — 1 for a large D . 


It follows that 


lim sup Ep G(S) — k2^ A 




22D 


= lim 
N —yoo 


sup 


Ep 


G(§) - k2^ a 




22D 
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In particular, Mi fl 7 ^ 0 for large enough. 

Step 2: First time change: “squeezing paths and adding constant paths”. 

Now for every iV G N, take € Mi fl Mps-:^^/^ such that 

Ep(N)[G(S)]> sup Ep[G(S)] - l/A^. 


Define an increasing function / : [0, T^] i—>• [0, T^] by 


/w = E ^ (^*-1 + 

2=1 


{Tj Ti-i){t Tj_i) ^ \ 


and then a process (St)tG[o,T„] by a time change of S via /, i.e. St = S/(t). It follows from (13.1611 
that 


|G(S) - G(S)| <|G(S) - G(f(^)(§))| + |G(S) - G(f('^)(S))| + |G(f(^)(§)) - G(f('^)(S))| 


<2/e(2-^+9) + 


2Ln||S|| 
D 


(4.34) 


In addition, St; = Vi < n. In particular, £p(N)(SrJ = £p(N)(STi) yi < n and further P^^^ o 
(St)“^ G Mp^<:pp/Pf as is time invariant, by Lemma ITSl 

Step 3: Second time change: introducing lower bound on time step. 

For ease of notation it is helpful to rename the elements of the set 


n} 

as follows. We define a sequence of stopping times : fl —>■ [ri_i,ri] and : fl —>• N+ in a 
recursive manner: set mg^^(S) = 0 and TgE(S) = 0, and Vi = 1,..., n, set Tj;^\s) = Ti-i and let 


rW(S) = inf {t > T,_i : |St - S^(^) | = ^} A 

(S) = inf {t > T,,fe_i(S) : |St - S^(^) A 

= m\^l + min{fc G N : = FJ- 

It follows that for any S G I 

+n — 1. (4.35) 


Set 0 = 2|’/t^2®^] + n and S = 1/(4110^). We now define a sequence of stopping times aij : fl —7 
[0,Tji]. Fix any 5 G 11 as follows. Firstly, set (7i^o{S) = Ti_i and (Ti_e+i(<S') = Ti. Then, for j < 0, 

+ £ (Fi- 1/(21?)) if j < and crjj(5') = Ti-1/{2D) otherwise. 

Then it follows from the definition that Fi_i = CTi_o(S) < crip(S) < ... < cri_e(§) < a.,e+i(S)=F,. 
We also note that since S is always constant on [Ti — l/D,Ti], < Ti — 1/D and hence 

for j < 0 A — 1) 




< r 


(D-8) 

(D-4) 


+ (5(0 - 1) < Fi - — + < F, - —. 

^ - D ADQ 2D 


Therefore, Vj = 1,..., ^0 A (m)^ (§) — 1)^ 


CTij/S) - CTij_i(§) 


(5+ ( 




(D-8) 

D,3-i 


(S)) > (5. 


(4.36) 


31 







Define a process S by 

n-i e-i 

s. = EE{^ 

i—0 j—0 


(§) + (t-rTi, j (i)- 5 )+^ kij (S).ai ,3 + 1 (S)) 


(t) 


Equivalently, S can be obtained by time changing § via an increasing and continuous process 
g : [0, r„] X I [0, T„], defined by 

n—1 0—1 


i—0 j—0 


+ T, A (t^^ZIHs) + (a,.e(5) - a,.e-i(^) - 5)+ + 


T^ -t T, - 




|lki,e(S),Ti 


In particular, it follows from (I4.36P that 
n-l e -1 


9t{^) = Z! Z! { Ik,,,(§)..,,,+i(§))(^) 


j=0 


-\-Ti /\ 


(cri,el 


T,-t r,-a,,e(S) 




Furthermore, g is adapted to F and hence predictable with respect to - the usual augmen¬ 
tation of F (since g is continuous). Therefore, it is clear that S is a local martingale with respect 
to under Moreover, St, = Sr, = St, for any i < n. This implies that S is a martingale 

with respect to F'*”^ ^ under p(^) and further p(^) o (St)“^ € 

Observe that for any S € VL such that {S) < 0 it follows from (I3.16|) - the time continuity 

property of G 

|G(§(S')) - G(S(5'))| < |G(S(5')) - G(e(^-®)(S( 5')))| -f |G(§(5')) - G{F^°-^\^{S)))\ 

+ |G(e(^-®)(S)(5')) - G(e(^-®)(S(5')))| (4.37) 

<2/e(2-^+9) + 2nL||§||05 < 2/e(2-^+9) + 2nL||S(5)||/D, 

when D is sufficiently large, where is defined in (EH). From (j4.33|) , Markov inequality gives 

2k -I- 2 


P(^)({5'el: >e-n + 2})< 


and hence by (14.351) 


P(^)({S' € I: > 0 -f 1}) < 


kD 

2k+ 2 
kD 


(4.38) 

(4.39) 


Furthermore, by (14.3711 and (I4.39|) 

|Ep(;v) [G(S)] - Ep(K) [G(S)] I < 2kP(^)(S) > 0) -f 2/e(2-°+®) -f 2nLEp(,v) [||S||]/D 

^ ■. 2/e(2-^+9) + 2LnVljjjM)/D. 


< 


2D 


(4.40) 


Step 4: Third time change: controlling increments of quadratic variation. 

We say a; € C([0, T„], R) admits quadratic variation if 

Z] ~ converges to a limit as N —>■ oo for any i < d -I- A". 

fe=o ^ 


32 






















We let (uj) be that limit if oj admits quadratic variation and zero otherwise. In addition, for S € fi, 
we say S admits quadratic variation if 5'^*^ admits quadratic variation for any i < d + K. 

It follows from Theorem 4.30.1 in Rogers and Williams that for any P £ AI, (S) := ..., 

agrees with the classical definition of quadratic variation of S under P P-a.s. 

Now Doob’s inequality gives Vi < d 

Epw[||§«r]< (4.41) 

•I[0,oo) 

And, by BDG-inequalities, we know there exist constants Cp,C'p £ (0,oo) such that 

CpEp(«, [(S(d)P/2] < Ep(^) [||s(d||P] < CpEp(«) [(S(d)P/2]. (4,42) 


It follows that 


_d+K 


E, 


.p(iV) 


(i)\P/2 

‘ Tji 


<Ki, 


[^(gW) 

where K, := (a) ^^/^^(da;) + . 


(4.43) 


In the following we want to modify S on 

I := {S € I : S(S') admits quadratic variation } = {S € I : S admits quadratic variation } 

using time change technique to obtain another process S, the law of which is in Alp^qjq/Ar. In fact, 
§ is a time change of § on each interval [(Ti_j(g), (Tij+i(§)). Then by continuity of G, it follows that 

|G(§(5'))-G(§(5'))| </e(2-°+®) V5£Jn{5£l : mi^-®)(S(5)) < 0}. 

This, together with (14.391) and the fact that P(i) = I for any P £ Mx, yields 

|Ep(iv)[G(g)-G(S)]| < fei2-^+^) + 2 kF^^\{S G I: >0 + 1}) 


</e(2-^+9) + 


4k + 4 

D ■ 


Hence, by (I4.34|) and (14.401) . 


rip) 


|Ep(K)[G(S)-G(S)]| <5/e(2-^+9)-' 


D 


2D 


D 


(4.44) 


First, for every i,j, k, define p^^d,k) ; [g, T„] by pdj+')( 5 ) = (§(5')) + d(l — 2 ^+^) V5' £ H. 

Then, V* = 1,..., n, j = 0,1,..., and fc = 1, 2,..., consider change of time ; I x [0, T„] —>• 

[0, T„] defined as follows: if S' £ I, (S) = t V t < pb ( 5 ') and for t > pb j+) ( 5 *) 


d+K 


0p’"^(S) =inf{^r > p(*’^’'=)(S) : ^ ((S®(S))„ - (S«(S))pO„..)) > 2'=(t - pb'jA))/d} A pb-^.^+D a a,,,+i(S(S)), 




otherwise = t on [0,T„]. 

Now, by considering g - a time change of g via 0 bj+)’s^ defined by g* := on 

[pbj+)(s),pb+fc+i)(§)) VAj,fc, we see that for any i, j, fc and any S £ X the quadratic variation of 
g(S)t grows linearly at rate 2^ on [pbb+) ( 5 -)^ p(*J.fe+i) ( 5 ')) with pbb++i)( 5 ') _ p(hAfc)( 5 ') = 2 -^ if 
( 7 i,j+i(g(S)) — > 0 and 0 otherwise. It follows that g is a continuous process on I and 

furthermore 

d+K 

Y, ((g('HS))t - (§(')(S)),) < 2'=|t - s|/d Vs,t s.t. a,,,(g(S)) < s < t < a,j+i(g(S)), 
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whenever S' G I is such that J2i =^< k. Therefore, on {S € I, : < 

k}, 

d+K 

^ ((S('))t-(§('))«) <2'^'+i|<-s|/5 Vs,t G [0,r„] with |t-s| < ,5. (4.45) 

1=1 

Hence by Markov inequality 

d-\-K d+K 

p(iv) (§(*))t„ > fc) > fc) 

d+K 

< Y > k/[d + K)^ 

kP/-^ 

Step 5: Tightness of measures through tightuess of quadratic variation processes. 

Together with (14.451) . by Arzela-Ascoli theorem, this implies that o ((§)t)“^}jvGN is tight (in 
C([0, r„], K'^). Then by Lemma 6.4.13 in Jacob and Shiryaev [^, o (§ 4 )“^} 7 V 6 N is tight (in 

D([0,T„],which by Theorem 6.3.21 in Jacob and Shiryaev [2^ implies that \/e > 0,r] > 0, 
there are A^o G N and 9 > 0 with 

N> No ^ pW(u;y (S,6») > r?) < e, 

where w'j,^ is defined by 

w'rp {S,6) = inf I max sup |St — Ss| : 0 = to < • ■ • < = 7n, inf(ti — ti-i) > 9\. 

Note that for S such that w'j,^ (S, 0) > 0, there exist to,... ,tr with 0 = to <...< tr = Tn and 
infi<r(ti — ti-i) > 6 such that 

max sup IS; — Ss| < 2w'rp^{S,9). 


which by continuity of S implies that 

wt„{S,9) := sup{|St — Ss| : 0 < s < t < T„, t — s>d} < 4.w'j-^{S, 9). 

Then we have 


N > No ^ p(^)(t(;y^ (§, 0) > Arf) < e, 

which then by Theorem 6.1.5 in Jacob and Shiryaev [2^ implies that {p(^) o (St)“^} is tight (in 

c([o,r„],K'')). 


Step 6: Tightness gives exact duality. 

Then there exists a converging subsequence {p(^'=) o (§t)“^} such that o (St)“^ —>■ P weakly 

for some probability measure P on f2. Consequently, 

lim Ep(.,)[G(§)]=Ep[G(§)]. 

k—¥oo 


In addition, if P is an element of then 


rS(G) < Fy^(G) < linr sup 1 

JV-J-oo pgyo, 1 /^ 


rip) 


G(§) - a 


D ^ 


22D 


■C 2/2 


D 


D 


< lim inf Ep(Ar) [G'(S)] + C 2 /2 

N^oo 

< liminf Ep(N) [G(S)] + e{D) 

N^oo 

< lim Ep(Vi,) [G(§)] + e{D) 

k—^oo 

<Ep[G(S)] + e{D) < Pp+G) + e{D). 


(4.46) 
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where e(x) := 5/e(2 + '^^'*'2 and the third inequality follows from 

(ICT) . 

It remains to argue that P is an element of First, it is straightforward to see that § is a 

P-martingale and £p(S'tJ = fJ-i for any i < n. To show that P({§ G *p}) = 1, notice that by 
portemanteau theorem, for every e > 0 

P({S G ^}) > limsupP(^‘^)({S G ^}) > limsupP(^'')({S G = 1. 

k—^oo k—¥co 

Therefore, it follows from Remark K7\ and monotone convergence theorem that 

P({§ G ‘PD = limP({S G ^}) = 1, 

e>0 

and hence P G 

To conclude, as D is arbitrary, (14.461) yields that 

vj,%[G) < Pp,^{Gl 

which then implies that 

%%{G) = yp%{G) = Pp,^{G) = PpMG)- 

5 Discretisation of the dual 


This and the subsequent section, are devoted to the proof of (13.31) which in turn implies Theorem 
o The strategy of the proof is inspired by Dolinsky and Soner [21| and proceeds via discretisation, 
of the dual side in this section and of the primal side in Section [51 The duality between discrete 
counterparts is obtained using classical probabilistic results of Fdllmer and Kramkov 241. 


5.1 A discrete time approximation through simple strategies 

The proof of (13.31) is based on a discretisation method involving a discretisation of the path space 
into a countable set of piece-wise constant functions. These are obtained as a “shift” of the 
“Lebesgue discretisation” of a path. Recall from Definition 14.11 that for a positive integer N and 
any S G ft, Tq^\s) = 0, mQ^\s) = 0, 

= inf {f > : \St - 5'^(«)(s)l = ^ ^ 

and = min{fe G N : = T}. 

Now denote by A at the set of 7 G A for which we only allow trading in the risky assets to take 
place at the moments 0 = Tq^\s) < < ■ ■ ■ < = T and I 7 I < N. Set 

Y^\g) := inf |x : 37 G An s.t. 7 super-replicates G — x|. 

Then it is obvious from the definition of that Y^^\g) > Y^^\g) > Vx(G) for any 

N 2 > Ni, and in fact, the following result states that Y^\g) converges to Vx(G) asymptotically. 
Theorem 5.1. Under the assumptions of Theorem 13.21 

hm vfi(G)=Vx(G). 

N—^co 

Theorem 5.2. For any a,/3 > 0, D G N 

Vx(G - a A {l3Vm(D))) < P^{G - a A (/3 v'm(^-2))), 
where is defined in Definition mi 
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5.2 A countable class of piecewise constant functions 

In this section, we construct a countable set of piecewise constant functions which can give ap¬ 
proximations to any continuous function S' to a certain degree. It will be achieved in three steps. 
The first step is to use the Lebesgue partition defined in the last section to discretise a continuous 
function into a piecewise constant function whose jump times are the stopping times. Due to the 
arbitrary nature of jump times and jump sizes, the piecewise constant function generated 

through this procedure, will take values in an uncountable set. To overcome this, in the subsequent 
two steps, we restrict the jump times and the jump sizes to a countable set and hence define a 
class of approximating schemes. 

Step 1. Let and be defined as in Subsection l5.ll To simplify notations, in this 

section we often suppress their dependences on S and N and write 

m = m^^\S), Tk = for any/ c, tv. 

Our first naive approximation : D —>• ID)([0, T],is as follows: 

m—1 

fW( 5) = ^ w + STliT}{t) for t e [0,T], Sen. (5.1) 

/t-0 

Note that is piecewise constant and — S|| < 1/2^. 

Step 2. Define a map := {2~^k : k = (ki,, kd+x) £ as 

:= 2“^[2^0;*], i = 1,... ,d + K. 

We then define our second approximation T'W) : Q D([0, T],by 

m — 2 

F,^^\S) ={So - 

k^O 

+ te [o,r]. 


Step 3. 

We now construct the shifted jump times : D —>• Q+ U {T}. Firstly, set = 0. Then, for 
any Sen and fc = 1, • • • , (S) let 

= argmin{p +q : (p, g) € f if ^ < rn^^\S) 

^ W otherwise, 

where := Lastly, define := Arf^^ Here we also suppress the 

dependences of these shifted jump times on S and N and write 

A = ^k^\s) for any k, N. 

Clearly 0 = tq < fi < f2 • • • < fm = T, Tk-i < tu < Tu'i k < m and fm=Tm= T. These f ’s are 
the shifted versions of r’s, and are uniquely defined for any S. We are going to use f’s to define a 
class of approximating schemes. 

We can define an approximation F^^^ : n —>■ D([0, T],by 

m — 2 

F,^^\S) =iSo - ^ 

k^O 

^^iN+m)^SrJllf^_,,T]it) te[0,T]. 
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Notice that is piecewise constant and 

||^W(§) _ §11 <||fW(§) - i^W(S)|| + ||fW(S) - fW(§)|| + ||fW(§) - §11 
/ 2 , 2 ^ 1 ^ 1 
-2N-1 ^ ^ ^ 2^-3 ■ 

Definition 5.3. Let C ID)([0,T],]R‘^+^) be the set of functions / = which satisfy 

the following, 

1 . for any i = 1 ,..., d + iiT, /bl( 0 ) = 1 , 

2 . / is piecewise constant with jumps at times ti, • • ■ , ti-i £ Q+ for some I < oo, 
where to = Ug = 0 < ti < t 2 < ■ ■ ■ < ti-i < T, 

3. for any fc = 1,..., / — 1 and i = 1,... ,d + K, = j'/2^+'"', for j G Z with 

IjI < 2 ^ 

4- inft£[o,T], ^ —2“^+3^ 

5- 11/^*^ II < K + 1 ioT i = d + 1,..., d + K, where k = maxi<j<x A°° , 

6 . if = —2“^+3 for some z < d + and fc < / — 1 , then f(tj) = f{tk) y k < j < /, 

7. if = K + 1 for some i > d and fc < / — 1, then f{tj) = f{tk) ^ k < j < 1. 

It is clear that is countable. 

5.3 A countable probabilistic structure 

Let Cl := D([ 0 , T],be the space of all right continuous functions / : [ 0 ,T] —?► R'^+^ with 
left-hand limits. Denote by § = (§t)o<t<T the canonical process on the space D. 

The set is a countable subset of Cl. There exists a local martingale measure on Cl 

which satisfies ) = 1 and P^^^({/}) > 0 for all / £ In fact, such a local martingale 

measure p(^) on can be constructed ‘by hand’. Indeed, we can construct a continuous Markov 

chain that undergoes transitions in the finite number of allowed values in the way that the mean 
is preserved, with jump times decided via an exponential clock. Let := {F|^^}o<t<T be the 
filtration generated by the process § and satisfying the usual assumptions (right continuous and 
contains P^^hnull sets). 

In the last section, we saw definitions of on D. Here we extend their definitions to 
Define the jump times by setting to(§) = 0 and for fc > 0, 

Tfc(§) =inf{t >ffc_i(§) :§t ^§t_} AT. (5.3) 

Next we introduce the random time before T 

m(§) := min{fc : ffc(§) = T}. 

Observe that for 5 £ D, hiF^^HS)) = MS) for all fc and m(F(^)(5)) = 

m^^^S). It follows that the definitions are consistent. 

In this context, a trading strategy the filtered probability space (D,F(^\p(^)) is a pre¬ 

dictable stochastic process. Thus, 7 is a map from D([0, T], 1^“*+*^) to T>([0, T], 1^“*+*^). Choose a £ 
D([0, T], such that a ^ 7 (]D)(^)) and then define a map cj) : D([0, T], —?► D([0, T], R'^+^) 

by (j}{S) = 7 ( 5 ) if 5 £ , and equal to a otherwise. Since P^-^^ has full support on , 7 = </>(§) 

p(^)-a.s.. In particular, for any A £ B(R), the symmetric difference of {74 £ A} and {^i(§)i £ A} 
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is a null set for Thus (j) is a predictable map. Furthermore, since pl-^l charges all elements 

in for any v,v € ID)([0, T],and t G [0,T]. 

Vu=Vu VuG[0,t) ^ (j3{v)t = 

Indeed, suppose these exist t G [0,T] and v,v G such that t>„ = Vu for all u G [0,t) and 
(/>(v)t ^ 4’ip)t- Since 7 is predictable, we have 

9 { 7 t = 4>iv)t} n {§„ = Vu,u <t} = { 7 t = </>(?;)*} n {§„ = Vu,u <t} r\ {§* ^ vt}, 

which is a contradiction since {74 = ^(u)t} fl {Su = < t} is not a null set and hence not in 

. We conclude that any predictable process 7 has a version (j) that is progressively measurable 
in the sense of CD). In what follows we always take this version. 

In this section, we formally define the probabilistic super-replicating problem and later build a 
connection between the probabilistic super-replication problem on the discretised space and the 
path-wise discretised robust hedging problem. For the rest of the section, we write to mean 

,*2]' 


As G is defined only on fl, to consider paths in fl, we need to extend the domain of G to fl. 
For most of the financial contracts, the extension is natural. However, here we pursue a general 
approach. We first define a projection function J : O —>• C([0, T],by 

{ S if is continuous 

u!^ otherwise, 

where is the constant path equal to I. In fact, when S G J(5) is the minimum of 

0 and the linear interpolation function of 

{{to{S), -5^g(5)), • ■ • , ('rm(5)(-5), 

We then can define G : fl ^ fl via this explicit projection J by G{S) = G{J{S) V 0), where 
A V 0 := VO,..., V for any S G Q. 

Note that G and G are equal on fl. In addition, for every N gN and S G DW)^ we have 

IM(^)--5|| <2-^+1. (5.4) 

Therefore, we can deduce that 

II J(F(5)) V 0 - 5|| <11 J(F(A)) V 0 - F(S) V 0|| + ||F(5) V 0 - 5|| 

<2-^+1 -p 2-^+3 VS G fl. (5.5) 

where the last inequality follows from (15.21) and (15.41) . 

Similarly, for each H G N, we define : O —>■ O by (4(5) VO). Then by Remark 

14.21 and (15.51) . when N is sufficiently large, 

VSGfl. (5.6) 

Definition 5.4. 


1. 7 : H —>■ )D([0, T],R‘^+^) is IPW)-admissible if 7 is predictable and bounded by N, and the 
stochastic integral (fg%(S) ■ dSu)o<t<T is well defined under pW)^ satisfying that 3M > 0 
such that 


> -M - 


a.s., t G [0, T). 


(5.7) 
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2. An admissible strategy 7 is said to -super-replicate G if 


[ 7„(S) • dS„ > G(S), pW-a.s.. 
Jo 


(5.8) 


3. The super-replicating cost of G is defined as 

ylAf) infjj; • ^ ig -admissible and P^'^^-super-replicates G — x} 

For the rest of the section we will establish connections between probabilistic super-hedging prob¬ 
lems and discretised robust hedging problems. Our reasoning is close to the one in Dolinsky and 
Soner 211. 

Definition 5.5. Given a predictable stochastic process {'^t)f=o on (S2, we define : 
O^]D)([ 0 ,T],R'^+'^) by 


m— 1 




(5.9) 




where Tk = m = m^^\S) are given in Definition 14.11 and Tk = Tk{F^^\S)) are given in 

(lOl) . 


Lemma 5.6. For any admissible process 7 in the sense of Definition 15.41 7 *-'^^ defined in (ESI) is 
progressively measurable in the sense of (EH). 


Proof. To see 7(^1 is progressively measurable, we need to show 

(N), , (Af)/ ^ 

7i (w)=7t (0- 


for any u!,v € Q such that uJu = Vu ^u < t for some t € (0,T], the case t = 0 being true by 
definition. Let t G (0, T\ and set 

kt{u}) = k[^\ijj) := min{z > 1 : > t} — 1. (5.10) 

It is clear that fct(w) = kt{v), Tk^^^){uj) = Tfc^(„)(u) and lOu = Vu for all u < Tk^{u:){^)- 
Write 9 := Tkt(i^){i-o). It follows from the definition of and f’s that 

Fi^\oj) = Fi^\v) VmG[O,0). 


From (15.9L 

='le{F^^H'>j))- (5-11) 

Therefore, by the progressive measurability of 7 as argued above, we conclude that = 


The following theorem is crucial. It states that the probabilistic super-replicating value is asymp¬ 
totically larger than the value of the discretised robust hedging problem. Recall that Ax(uj) := 
inRgx ||w - f|| a 1. 

Theorem 5.7. For uniformly continuous and bounded G, a, P > 0 and D G N, we have 

liminf Vy^(G(S) - a A {P{S))) < Wnf (g(§) - a A {P^/ppP-^^)) - lVAi(§)) . 

(5.12) 

Proof. See Appendix 17.11 □ 
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5.4 Duality for the discretised problems 


Definition 5.8. 


1. Let be the set of all probability measures Q which are equivalent to 

2. For any k > 0, denote by the set of all probability measures Q € such that 


w e : inf; ||S(w) - r;|| > 1/A^}) < — 


and 


Ea 


m(S) d+K 




k—1 i—1 

where = ffe(§) and m = m(§) are as defined in (I5.dll . 


< 


TV’ 


Lemma 5.9. Suppose G is bounded by k — 1 and M.i ^ 0. Then, there are at most finitely many 


TV G N such that ’ (2k) = 0 and 


liminfV(^)fG(S)-TVAi(S)) <liminf sup Ea[G(S)]. 
N—^OO V / N—^OO A rTnCN)/^ N ^ 


QGM^'^'(2 k) 


(5.13) 


Proof. Since for any Q G the support of Q is of which elements are piece-wise constant, 

the canonical process S is therefore a semi-martingale under Q. Moreover, it has the following 
decomposition, S = TVf'® -|- A® where 






fe=i 


.T - ---t 


is a predictable process of bounded variation and is a martingale under Q. Then, similar to 
Dolinsky and Soner 22|, it follows from Example 2.3 and Proposition 4.1 in Folhner and Kramkov 


24| that 


V(^)(g(S)-TVAi(§)) 


sup Eq 

QGn(JV) 


m{S) d+K 


G(§) - TVAi(S) -NJ2J2 - S. 


Tfc- 


k—1 i—1 


(5.14) 


By Theorem 15.71 

liminfVW(G(§) - TVAi(S)) > liminf (G) > Pi(G) > -k. 

Then, in (I5.14|) . it suffices to consider the supremum over Mj^^(2k). In particular, M^^^(2 k) ^ 0 
for TV large enough. 

□ 


6 Discretisation of the primal 

6.1 Approximation of Martingale Measures 

Next, we show that we can lift any discrete martingale measure in M^^^(c) to a continuous mar¬ 
tingale measure in M-r such that the difference of expected value of G under this continuous 
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martingale measure and the expected value of G under the original discrete martingale measure 
is within a bounded error, which goes to zero as N ^ oo. Through this, we connect the primal 
problems on the discretised space to the approximation of the primal problems on the space of 
continuous functions asymptotically. 

Proposition 6.1. Under the assumptions of Theorem 13.21 if G and /'P{x\‘^'^ys are bounded 
by K — 1 for some k > 1, then for any a, /3 > 0, £ N 

limsup sup ]Eqi[G(S) — a A (/3r/TO(-^)(§))] < sup Ep[G(S) — a A {pJ (6.1) 

AT-s-oo (2 k+0!) PGMz 


Proof. Let fe : —>■ K+ be the modulus of continuity of G, i.e. 

|G(a;) — G(t>)| < /e(|w — r;|) for any w, u £ U 

and lima;x^o fe{x) = 0. Recall from Lemma [57^ that 'M^\2K + 2a) 7 ^ 0 for N large enough. Hence, 
to show it suffices to prove that for any Q £ + 2a) 

Eq[G(§) - a a (/3v/m(^)(§))] < sup Ep[G(§) - a A (§))] + g{l/N), (6.2) 

PGMz 

for some g : M+ —>■ R+ such that lim^, N^Q g(^x) = 0. We now fix N and Q € + 2o;) and 

prove ea in four steps. 

Step 1. We will first construct a semi-martingale Z = M + A on a Wiener space (U’^, , P^) 

such that 


and 


|Eq[G(S)] - £;^[G(i’)]| < k2-^+i 

AT I ^ f\ 

P^({w £ : inf ||M(w) + A{uj) - r;|| > l/N}) < ^ + 2"^, 


(6.3) 

(6.4) 


where M is constructed from a martingale and both have piece-wise constant paths. 

Since the measure Q is supported on the canonical process § is a pure jump process under 

Q, with a finite number of jumps Q-a.s. Consequently there exists a deterministic positive integer 
mo (depending on N) such that 

Q(m(S) > mo) < 2“^. (6.5) 


( 6 . 6 ) 


It follows that 

|Eq[G(§)]-Eq[G(§^'"o)]|<« 2 -^+i. 

Notice that by definition of , the law of S'^™o under Q is also supported on . 

Let (U^, P'^) be a complete probability space together with a standard mo -I- 2-dimensional 

Brownian motion |Wt = • • • , and the natural filtration py' = a-{Ws\s < t}. 

With a small modification to Lemma 5.1 in Dolinsky and Soner 2]J, we can construct a sequence 
of stopping times (with respect to Brownian filtration) cti < <72 < ■ ■ ■ < (Jmo together with P^- 
measurable random variable Yi ’s such that 


£,pw (((7i, ■ . . , CTmo ) ^1 j • ■ • ) ^mo)} — ((^1 j • ■ • 


) Pno ! ^fi Sfo) ■ 




-J). (6.7) 


(Detailed construction is provided in the Appendix 1 7. 21 ') 
Define Xi as 


X,=E 


Wr 




= 1 ,.. 


, mo. 
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Note that \Xi\ <2 ^. Also by construction of Ui’s and y^’s, we have 

V a(a,)] = E^[Y,\a,, y,_i], 

where Si := (cti, ..., tTi), Fi := (Yi ,... ,Yi) and is the expectation with respect to . 
From these, we can construct a jump process {At)f^Q by 


In particular, for k < mo 


i=i 


AfTk — ■ 

i=i 


Set a martingale as 


mo 

M* = 1 + E^[J2{Y, - X,)\E^] , t G [0,r]. 


i=i 


( 6 . 8 ) 


Since all Brownian martingales are continuous, so is M. Moreover, Brownian motion increments 
are independent and therefore, 


Mo-fc = 1 + ~ ^j)y ~ a-S-, k <m. 

i=i 

We now introduce a stochastic process {Mt)t=o, ^^e Brownian probability space, by setting 
Mt = for t G [(7fc,crfc+i), k < mo and M* = for t G [(Jrno,T]. Note that as \Y^ - Xi\ < 

2 -n+i^ for any k < mo and t <T 

j-^tAo-fc+iVo-fc ~ .^tAo-fc+iVcrjc I 

mo 

=1 E 

j^k+l 
mo 

j=k+2 

= E^[Yk+, - Xfe+il < E^[\Yk+i - < 2-^+' 


and hence 


||M-M|| < 2-^+2. (6.9) 

We also notice that Z = M + A satishes Zq = So and 

EpW ((CTI , • . . , O’mo J ^1) • ■ ■ ! ^^0 )) “ ((^1 ! • ■ ■ 1 ^mo i Sfi ^fo I I ^fmo ^Tmo-l )) • 

It follows that 

£;‘^[G(Z)]=Eq[G(S"-o)]. (6.10) 

In particular, by (16.61) we see that (16.31) holds and also by (16.51) and definition of M and A (16.41) 
holds. 

Step 2. We will shortly construct a continuous martingale from M such that M^° is 
bounded below by —2“^+^ — N ~2 and 

|F;'^[G(M®“)] - Eq[G(S)] I < c^TV-s + 2feiN-i + 2-^+^) + 2"^. (6.11) 
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As the law of Z is the same as under Q, it follows from the fact that Q is supported on 
and any / G is above —2“^+^ that 

^ > _2^+3, P^-a.s.. (6.12) 

Then, by combining this with (15.41) and (16.91) . we can deduce that 

II J(Z) - A/|| <\\J{Z) - Z V 011 + ||Z V 0 - Zll + HZ - M|| 

<2-^+1 + 2^+3 + ||M - M|| + ||i|| 

mo 

<2-Af+4 2 whenever max 1X^1 < , 

- fc=i 

It follows that 

\G{M) - G{Z)\ =\G{M V 0) - G(d(i) V 0)| 

mo 

+ N~^), whenever max |x[*^| < Af “2 

- fc=l 

where we use the fact that ||d(^) V 0 — M V 0|| < ||d(^) — M||. Hence, since G is bounded by k 

mo 

|ii;’^[G(M)] - ii;^[G(i)]| < /e(2-^+4 +iV-^) + 2 a^P^( ^^max ^ |X«| > 


Note that 


Xfc = p'^[n|afc, n_i] a\_j 


where ASfc = for k < uiq and hence 


E 


d-\-K rriQ 

"■■'III; 14'* I 


= Ea 


mo d-\-K 






By Markov inequality and definition of My^^(2«;), we have 

d+K mo d+K mo 


^"^(EE EEi4*' 






i—1 k—1 
r m d-\-K 


EEwfiGJ-sg., 


fc=l i—1 


< 2kN 2 . 


(6.13) 


Therefore, we have 

|P^[G(M)]-P^[G(Z)]| < fe(2-^+^ + N-^) +AK^N-i. (6.14) 

By (16.91) . (16.121) and (I6.13P 

P^( inf min > -2-^+4 _ ivl and max ||MW|| < k + 1 + 2-^+^ + 

^ 0<t<T l<i<d+K d<i<d+K ' 

>\-2kN-^. (6.15) 

Hence a stopped process M®°, with 

6lo:=inf|t>0: min <-2-^+4 - A" 5 or max ||M(*)|| > k + 1 + 2-^+^ + A-H, 

l<i<d+K d<i<d+K ’ 
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satisfies 


\E^[G{M)] - E^[G{M^'>)]\ < 4K2iV-i (6.16) 

By (16.61) . (16.141) and (I6.16L it follows that 

<\E^[G{M^«)\ - E^[G{M)]\ + \E^[G{M)] - E^[G{Z)]\ + |Eq[G(S"'"o)] - Eq[G(S)]| 
<Ak^N-^ + 4/c^7V-5 + /g(2-^+4 + 7V-5) + k2-^+\ (6.17) 

In addition, by ()6.9I) and ()6.13l) we can deduce from (16.41) that 

p'^({a;e : inf_ ||M®‘>(w) - u|| > l/N E N-^ +2-^+^}) < +2~^ + 2KjV~^ 

which for simplicity we notice that it implies for N large enough 

P^{{lo € : inf |lM®‘>(w) - u|| > 4kN-^) < AkN-^ . (6.18) 

v^X 

Similarly, by (EH) and (16.131) . we have 

P^{\\Z - M%\ > 2-^+2 + N-^) < 2kN-E (6.19) 


Step 3. The next step is to modify the martingale in such way that T, the new continuous 
martingale, is non-negative. 

Write Cat = 2“^+^ -|- N~i and define a non-negative P)^-measurable random variable A by 
A = {MtaBo + £Af)/(l + ^n)- Then 


IA - PIt^aBoI 


iN 


1 — MtaBq 
1 + CAf 


< eAr(l -I- |Mta6»oI)- 


Note that for any i > d || A^®) || < k -|- 1 -|- 2 -|- A^ 2 + Cat < K -I- 2 for N large enough. We now 

construct a continuous martingale from the A by taking conditional expectations: 


Vt=E^[E\P^\, te[0,T] 


and A > 0 implies that T is non-negative and Tq*^ = 1 Vi < d+K. Hence pW) := P^o(rt) ^ G Al . 
We first notice that 


E^[\M^%o\] = + 2] = 3 W = 1,..., d + P. 

Then by Doob’s martingale inequality 


P 


Wf 




d-\-K 

.V'® E 


E^llA® - a4‘> II < E'^i(d+K)ef, = i(d + K)e]i‘ 


( 6 . 20 ) 


This together with (I6.17|) yields 

|p'^[G(r)]-EQ[G(S)]| 

<P^[|G(r) - G{M^°)\] + \E^[G{M^°)] - Eq[G(§)]| 

<E^ [|G(r) - G(M«o V + 8 K{d + + Sn^N-i + + iV^) + 

—/e(£_;v ) 8 K{d -f K)ej^ + E /e(ejv ) — 2/e(ejv ) E 17K^(d -I- K)eJ- . 


,-AT- 1-1 
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Finally, we can deduce from (16.181) and (16.2011 that 


P^({uj€n^ : inf ||r(u;)-z;|| > 4«;7V-^ +e]v^^}) < 4KiV-5 +4e]V2, (6.21) 

v^X 


and 


P^{\\Z - r|| > 4 k7V-^ + e]^^) < AkN-^ + . 


( 6 . 22 ) 


Step 4. The last step is to construct a new process F from F such that the law of F under 
is an element of A4-r . 

1 1 /2 

We write ijpf = 4 :kN~^ + 4ej^ and 

Pi ■— ■Utp(N-) [Aj (^Sp, j ■ • ■ ; Qp’ jj 


for any * = 1 ,... itT, and define 




’s by 


AN) ^ P(xf^) - (1 - ^ 

Vm 


Note that as ]Ep(N) ..., ^)] = P{X-'^^), we can deduce that 

<P^[|xf^(F^^\ ... ,F^^^) - 

<nxA}m + E« [|At>(r?>..... r^) - .r«„„|.v..Vrr‘>l>»} 

<P(xl^^)VN + 2 {k + l)P(xf^)7?^, Vz = 1,... ,iF. 

It follows immediately that 

\pW _ p(^(c))| 1 _ |p(^(c)) _p(Ar) 


< 


2(s:+l)P(xf))7?^ 

Vm 


= 2{k + l)P(xf))07)7 Vi < K. (6.23) 


Then, it follows from Assumption 13.11 that when N is large enough there exists a £ Xi^ such 
that 


:= Ep(;,) [A,(S^^\ ..., S^^^)] Vi < K. 

Enlarge Wiener space (f2^,p'^,P^) if necessary, then there are continuous martingales F and 
M which have laws equal to p(^) and respectively, and an -measurable random variable 
^ € { 0 , 1 } that is independent of F and M, with 

P^(^ = 1) = 1 - VW and P^(e = 0) = 

Define -measurable random variables by 

A(®) = 1 { 5 = 0 } Vi = 1 ,..., d, 

A(®) = X,_d(A(i),..., A^‘^'>)/V{xt\) Vi > d. 

We now construct a continuous martingale from A by taking conditional expectations: 

ft = P^[A|Pf], ie[0,T]. 
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It follows from the fact that ^ is independent of M and M 

= (1 - ..., 
(1 - vd^)pf + Vwpf 


r{x, 


(c)\ 


= 1 Wi > d 


and 


4 ) =E^[r^^'>\E^] = E^[A^p\T^] = (1 - 7]N)E^[rip] + = 1 Vi < d. 

Hence P := o (Ft)”^ € =Mi- Also by independence between ^ and (M, M), we have 

p^[|A« - r«|] = - r«|] < 2 v/^ Vz < d 

and by (16.2111 

P^dFr - A(*)| > Tyjv) < ?77V + Vi > d, 

which implies that 

p'^[|a(*) - r^^i] = 2 p'^[(aW - r^4] - p^[a(*) - 
= 2p^[(aW - r^4] 


27]7v H" 


vy 




{|AW-rd‘d>w}. 


< 2r]N + 4(k + 2)y/rj^ < 14k 0^, Vi = d + 1,..., iF. 
Then by Doob’s martingale inequality 

, d+K 

p'^dlf-r|| > < —— ^ p^[|aW -r«|] < i4(d + iv)774 

i^Vn i=i 

and hence 

|Ep[G(S)] - Epw [G(S)]| =|P^[G(f) - G(r)]| 

</.(«,t''‘) + B"-[|G(r) - G(r)|i{,f_rii>.,«<} 

</e(«^d4) + 28K(d + K)ri]{^. 

In addition, we can decuce from (16.221) that 

P^{\\Z - f|| > + 4KiV-5 + e4) < 4KiV-5 + de^ + 14(d + K)k7]]^^. 


(6.24) 


Notice that when N is sufficiently large such that Krj^ + AkN ^ < 2 ^ on the event 

{w G : \lZ{uj) — f(u;)|| < ^4^ + 4,kN~^ + and Z{u}) G we can deduce from (15.41) 

and (16.121) that 

\J{Z) V 0 - f I < \J{Z) V 0 - J{Z)\ + \J{Z) -z\ + \z-t\ 

< 2“^+^ + 2“^+i + < 2~°. 

and hence by Remark 14.21 the inequality (Z) > nrS^ holds on {w G : \\Z(uj) — 

f (w)|| < + 4KiV“5 + and Z{uj) G }. 

It follows that 


>£^[0 A (/3Y'm(^)(S™')))] 

=E^[aAi/3^Jrh(D'>{Z))] 

>P^[a A _ q-^4kA^“ 5 -(- 4e]^^ + 14(d + K)Krill^^ . 


□ 
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7 Appendix 

7.1 Proof of Theorem 15.71 


Proof. Fix N > 6. Choose C : R+ —R+ such that |G| < n, |G(a;) — Gfu)! < /e(|w — ul) for any 
uj,vGn and lim^r^o fe{x) = 0. Define G^^) : D R as 

GW(5) := G(5) - /e(2-^+4) - 

and 

V^^^(G-QA(/3\/m(^))) = V^^^(GW -aA(/3v'm(^))) + /e(2-^+'^)+ ■ 

Hence, to show (I5.12L it suffices to show 

yiN)^^(N) _ ^ ^ (/3v'm(^))) < (g - a A (/3- fVAi). (7.1) 

The rest of proof is structured to establish (EU. Given a probabilistic semi-static portfolio 7 
which super-replicates G — a A — NXx — x, we will argue that the lifted progressively 

measurable trading strategy 7 *^^^ super-replicates G^^^ — a A (/3\/toT)) — a; on I. To simplify 
notations, throughout the rest of the proof, we fix S' € I and write F := F^^'>{S). 

Super-replication: 


We first notice that for any j < m — 1 

i(5.,,,-s.,)-(4-4_ji 

+ i ~ Aj I + |Sr^- — Aj_i I < 


1 


2N+j+i 2^+i ■ 


It follows that for any k < m, 

r\i’^\s)-dSu- r%{F)-dF^\ 

Jo Jo 

k-1 k-1 

< IE % J) ■ ) - E J) ■ (4+1 - 4) 

2{d + K)N 


j=o 

k-2 


j=0 


— E ’ ((‘^'^j +2 '^’■ 3 + 1 ) ( 4+1 4 )) 

i=o 

^ ^ N{d + K) 2{d + K)N ^ 5(d -h K)N 


2N-1 


j=o 


2N-i-j+2 


2N-1 


2N 


In addition. 


[ 7 W(S)-dS„-/ %{F)-dF^ 

J Tm - 1 J Trrt — 1 


Hence, 


■ + [ (S) ■ dSu >x+ [ %{F) ■ dF^ - 

Jo Jo 


(7.2) 



(7.3) 

5(d + l!:)iV {d + K)N 

2N 2 ^ 

(7.4) 

lm(D-2){F)) - NXx{F) - 

(7.5) 

/T77^) 

(7.6) 


>G(S) - a A (/3^m(^)(S)) - fe{2-^+^) - ^ 
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where the inequality between (IZ31) and (Ell) follows from the super-replicating property of 7 and 
the fact that p(^)(/) > 0, V/ G the inequality between (17.51) and (17.611 is justified by (|5.211 and 
the last inequality is given by (EH) and EH 

Admissibility: 

Now, for a given t < T, let fc < m be the largest integer so that Tk{S) < t. It follows from (17.21) 
and (ES) that 

f ■ dSu = r ■ dSu + f • dS^ 

«/ 0 0 Tfc 

>£'%{F)^dF„- ^*‘*+/*" -N{d+K) max |S<*> - S<«| 

>_° 6 (£^ 

- 2^ 

where the inequality between (1771) and (17.811 follows from the admissibility of 7 and the fact that 
]p(^)(^y) > 0,V/ G Hence, is admissible. 

□ 


(7.7) 

(7.8) 


7.2 Construction of cr’s and Y in Theorem 16.11 


For an integer mo and given xi, • • • ,Xmo, introduce the notation 


:= (xi. 


Set 


T := Q+ U {a > 0 : a = T — 6 for some b G Q-i-} = 

iSfc := { I ■ • ■ 1 ^d+x) • cij & joj I ^ 2 , j = 1,..., d -|- FT}, 

where is a decreasing sequence of strictly positive numbers tk \ 0 with ti = T. For 

fc = 1, • • • , mo, define the functions 4'^, x 5i x ... x Sk-i —>■ [0,1] by 

4'fc(afe;/3fc_i) := Q(ffe - tu-i > ak\B), (7.9) 

where 

B := {fi — Ti-i = Qfi,— Sf;_^ = , 01,1 < fc — 1 }, 

and 

$fc(dfc;^fe_i;^):=(Q(S^,=/3|C), /3 G 5fc, (7.10) 

where 

C := {tfe < T,Tj - = /3i,j <k,i<k-l]. 

As usual we set Q(-|0) = 0. Next, for k < mo, we define the maps Tfc : x 5i x ... x Sk-i —t 

[— 00 , 00 ] and 0fc : X iSi X ... X Sk-i [— 00 , 00 ], as the unique solutions of the following 

equations, 

i 

<Tk{dk-Jk-i;sk,i)) =J2^k{dk-Jk-i;sk,j) (7.11) 

i=i 

where {s^^, Sk, 2 , ■ ■ ■, Sk,i ,...} is an enumeration of Sk, and 


pw(wjp - < Qkidk-Jk-i)) 


4'fe(c5fc_i, t;; /3fc-i) 

'I'fc(dfe_i, ti+i; /3fe_i) 


(7.12) 


where / G N is given by ak = U € T. From the definitions it follows that k{dk-i,ti-, jdk-i) < 
4'fc(dfc_i,ti+i;/3fc_i). Thus if ^k{dk-i,ti+i\Pk-i) = 0 for some I, then 'i!k{dk-i,tv,j3k-i) = 0. We 
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set 0/0 = 0. 

Set (To = 0 and define the random variables tri,..., cimo , b/,..., by the following recursive 

relations 


oo 

.7 = 1 ^ ^ 


and for z > 1 


Ui = (Ji-i + A 


(7.13) 


j=l >■ • z t > j 

where = tk on the set Bi fl Ci^k H Di k and zero otherwise. These sets are given by, 

Bi := {ai < T} 

:= > 0.(A,_i,4;1/_i)} 

OO 

D^,k ■■= n {<+-.-1 - 

j=k+i 

Since tk is decreasing with ti = T, (Ti < (72 < • • • < Gmo and they are stopping times with respect 
to the Brownian filtration. Let k < mo and {dk', Pk-i) G x 5i x ... x Sk-i- There exists I G N 
such that ak = ti G T. From (17.1311 — ()7.14|1 . the strong Markov property and the independence of 
the Brownian motion increments it follows that 

{(Jk-cTk-i > afe|(Afc_i,yfc_i) = ((3fc-i,/3fc-i)) 


=P 


w 


j=k+l 

OO 

= n P'^{wSL_, - < 0,(A,_i,t,;l/_i 

j^m 

='S{dk;Pk-i), 

where the last equality follows from (17.121) and the fact that 

lim '^{dk-idr,^k-i) = 1- 

l—¥oo 

Similarly, from (17.111) and (I7.14p . we have 

P^ {Vk = PWk <T,Ak = dk, Yk-i = Pk-i) 

= < Tk{dk;0k-i; 

= ^{dk-,Pk-i',f3), VPGSk,. 

Using (I7.9I) - (I7.10I) and (17.141) - (17.1511 . we conclude that 

£.pw (^(amo',Ymo)} ~ ■^iQ (("^mo j ^^mo)) I 
where ASfe = Sf^ — k < mo- 


(7.14) 


(7.15) 
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